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ABSTRACT 
The purpose of t h i s  r e p o r t  i s  t o  s e r v e  a s  a  work- 
i ng  guide i n  t h e  c o n s t r u c t i o n  of  a c o u s t i c  l i n e r s  f o r  t h e  
suppress ion of combustion i n s t a b i l i t y  i n  l i q u i d  p r o p e l l a n t  
rocke t  motors w i th  chamber geometr ies  most o f t e n  occu r r ing  
i n  p r a c t i c e .  The geometry of t h e  l i n e r s  may c o n s i s t  of 
Helmholtz r e s o n a t o r s ,  quarter-wave (or  some m u l t i p l e )  t u b e s ,  
o r  half-wave ( o r  some m u l t i p l e )  t ubes .  C e r t a i n  o p t i o n a l  
des ign  procedures a r e  developed - o p t i o n a l  i n  t h e  sense  t h a t  
t h e  space occupied by t h e  l i n e r  i s  minimized, s u b j e c t  t o  
va r ious  c o n s t r a i n t s .  A method f o r  t h e  e v a l u a t i o n  of t h e  
s t a b i l i z i n g  e f f e c t i v e n e s s  of a  given des ign  i s  a l s o  presen ted .  
Among t h e  e f f e c t s  cons idered  i n  t h e s e  procedures  a r e  t h e  f o l -  
lowing : high  ampli tude chamber p re s su re  o s c i l l a t i o n s ,  both  
mean a.nd o s c i l l a t o r y  chamber f lows,  a  liner-mean-through flow, 
a  flow i n  t h e  l i n e r  backing volume ( f o r  Helmholtz geomet r ies )  , 
and d i f f e r e n c e s  between t h e  mean tempera tures ,  molecular  
weights ,  and r a t i o  of  s p e c i f i c  h e a t s  between t h e  l i n e r  back- 
i ng  volume and t h e  l o c a l  environment i n  t h e  combustion chamber 
(again  f o r  Helmholtz geomet r ies )  . 
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NQMENC LATURE 
= o r i f i c e  c r o s s - s e c t i o n a l  a r e a  (dimensional)  
= c o n s t a n t  depending upon j ,  de f ined  by E q .  (2.3-11) 
= c o n s t a n t s  de f ined  i n  Appendix B 
= chamber w a l l  a r e a  (dimensional)  
= de f ined  by E q .  ( 2 . 1 - 2 )  
= c o n s t a n t  
= de f ined  by E q .  (3.2-12) 
= c o n s t a n t s  de f ined  i n  Appendix B 
= c o n s t a n t  
= c o e f f i c i e n t  of d i scharge  f o r  t h e  o r i f i c e  
= drag  c o e f f i c i e n t  
= average j e t  p r e s su re  c o e f f i c i e n t  
= des ign  c o e f f i c i e n t s  account ing f o r  environmental  
f a c t o r s .  See paragraph a f t e r  E q .  (3.2-12) 
= speed of sound (dimensional)  
= s p e c i f i c  h e a t  a t  cons t an t  volume (dimensional)  
= o r i f i c e  diameter  (dimensional)  
= diameter  of a  s p h e r i c a l  l i q u i d  drop  (dimensional)  
= nozz le  admit tance (non-dimensional) 
= de f ined  by E q .  (2.1-7) 
= func t ion  de f ined  by Eq. (3.2-11) 
= c o n s t a n t s  de f ined  i n  Appendix B 
= i n s t a b i l i t y  frequency (dimensional)  
L = fraction of chamber wall area occupied by a partial liner 
G = constant defined by Eq, ( 3  -2-13) 
9 = defined by E q ,  (3.1-7) 
= chamber h e i g h t  f o r  r e c t a n g u l a r  combustors 
(non-dimensional) , a l s o  en tha lpy  (dimensional)  
Jv = s t anda rd i zed  Bessel  func t ion  of t h e  f i r s t  k ind  , 
J1' J2 = c o n s t a n t s  de f ined  i n  Appendix B 
= i n t e g e r  t h a t  g i v e s  l o n g i t u d i n a l  c h a r a c t e r  of  
s t a b i l i t y  mode 
k  = d r o p l e t  d r ag  parameter (non-dimensional) 
h = c o n s t a n t  de f ined  by Eq. (B-30) 
h' = c o n s t a n t  de f ined  by Eq. (A-19) o r  Eq. (A-39) 
L = o r i f i c e  l eng th  (dimensional)  
di = l i n e r  admit tance c o e f f i c i e n t  (non-dimensional) 
t = i n t e g e r  
M = de f ined  by Eq. (2.2-5) 
- 
M = chamber s t e a d y  flow Mach number 
= molecular  weight (dimensional)  
= see  Eq. (A-10) 
= mass f l u x  (dimensional)  
= de f ined  by Eq. (2.2-5) 
= i n t e r a c t i o n  index (non-dimensional) 
= see  (Eq. (A-11) 
= symbol. f o r  "of t h e  o rde r  o f "  
= amplitude c o e f f i c i e n t  
P  = pres su re  (non-dimensiona.1, o r  d imensional  where no ted)  
C! = amplitude eoef f ic ient 
= d e f i n e d  by  Eq, (2-2-PP) 
= Reynolds  number 
= rad.iaL d i s t a n c e  i n  chamber (non-dimensional)  
= i n n e r  chamber r a d i u s  f o r  a n n u l a r - c y l i n d r i c a l  
chamber (non-dimens iona 1) 
= chamber r a d i u s  a t  t h e  i n j e c t o r  f o r  c o n i c a l  
chamber (non-dimens i o n a l )  
= chamber r a d i u s  f o r  c  i r c u l a r - c y l i n d r i c a l  chamber, 
o r  o u t e r  chamber r a d i u s  f o r  a n n u l a r - c y l i n d r i c a l  
chambers (d imens iona l )  
= s u r f a c e  o f  i n t e g r a t i o n  
= e i g e n v a l u e  d e s c r i b i n g  i n s t a b i l i t y  mode. See  
T a b l e s  (A-1,  2 )  
= non-dimensional  d i s t a n c e  from p r e s s u r e  a n t i - n o d e  
= t e m p e r a t u r e  (d imens iona l )  
= t ime  (non-dimensional)  
= g a s  v e l o c  i t y  (non-dimensional)  
= mass-averaged l i q u i d  v e l o c i t y  (non-dimens i o n a l )  
= o r  i f  i c e  g a s  v e l o c i t y  (non-dimensional) ,  o r  
chamber v e l o c i t y  i n  ~ p p e n d i x  A (d imens iona l )  
= c a v i t y  volume f o r  Helmholtz  r e s o n a t o r s  ( d i m e n s i o n a l )  , 
o r  volume of  i n t e g r a t i o n  
= chamber v e l o c i t y  i n  Appendix A (d imens iona l )  
= chamber wid th  ( d i m e n s i o n a l ) ,  o r  
chamber v e l o c i t y  i n  Appendix A 
(d imens iona l )  
= l e n g t h  of combust i o n  o r  chamber l e n g t h ,  whichever  
i s  s m a l l e r  (non-dimensional)  
= d i s t a n c e  from i n j e c t o r  a l o n g  chamber a x i s  
(non-dimensional)  
= chamber l e n g t h  t o  n o z z l e  c o n t r a c t i o n  s e c t i o n  
(non-dimensional)  
Yv = s t anda rd i zed  B e s s e Z  func t ion  of t h e  second k ind  
Y = d i s t a n c e  along chamber width f o r  r e c t a n g u l a r  
chambers (nun-dimens i o n a l )  
- d i s t a n c e  a long chamber h e i g h t  f o r  r ec t angu la r  
chambers (non-dimens i o n a l )  
a = growth c o e f f i c i e n t  f o r  a c o u s t i c  d i s tu rbances  
a 
m 
= c o n s t a n t s  de f ined  i n  Appendix B 
p = parameter AL/V 
pm = c o n s t a n t s  de f ined  i n  Appendix B 
Y = r a t i o  o f  s p e c i f i c  h e a t s  
 AT^,  AS^ = p a r t i c l e  t r a n s i t  t imes w i t h i n  o r i f i c e .  Important 
on ly  when E # 0 .  (non-dimensional) 
' j = de f ined  by Eq. (3.2-14) 
L = d e n s i t y  o f  a  l i q u i d  d r o p l e t  
' m = c o n s t a n t s  de f ined  i n  Appendix B 
= square-root  o f  t h e  non-dimensional chamber 
p re s su re  o s c i l l a t i o n s  
= r a t i o  of  t h e  chamber h e i g h t  t o  t h e  chamber width 
f o r  recta-ngular  chambers 
= i n t e g e r  g i v i n g  t h e  r a d i a l  c h a r a c t e r  of t h e  mode. 
See Tables  (A-1,  2 )  
0 = c i r c u m f e r e n t i a l  ang le  f o r  c y l i n d r i c a l  chambers 
K = parameter ( A ~ / v )  
Kl = de f ined  by Eq. (2.3-17) (non-dimensional) 
K 2  = def ined  by E q ,  ( 2 , 3 4 8 )  (non-dimensional) 
X = wavelength (dimensional)  
A "  - defined by Eq, ( 2 - 3 - 3 1 ,  f2-3-6)t or 62-3-8) 
(non-dimens i o n a l )  
X * = def ined  by E q .  (2 .3-2) ,  (2.3-51, o r  (2-3-7) 
(non-dimens i o n a l )  
IJ = gas v i s c o s i t y  (dimensional)  
= integer desc r ib ing  tangential character of 
mode. See Tables (A-1, 2 )  
5 = ratio of ri/r for annula r -cy l ind- r ica l  chambers 0 
P = d e n s i t y  (non-dimensional o r  d imensional  where noted)  
P L  = l i q u i d  c o n c e n t r a t i o n  i n  chamber (non-dimensional) 
CJ = pe rcen t  open a r e a  r a t i o  of  a c t u a l  ( p a r t i a l )  l i n e r  
Of = percen t  oper a r e a  r a t i o  of  a  f u l l  l i n e r  
T *  = s e n s i t i v e  t ime l a g  (dimensional)  
n  
qm = c o n s t a n t s  de f ined  i n  Appendix B 
3 --L 
4 = angle  between d i r e c t i o n  o f  U and U; I 
= func t ion  de f ined  by Eqs. (A-29a o r  b )  
n 
n  
= de f ined  by E q .  (2.2-17) 
n = de f ined  by E q .  (2.2-14) 
n 
W = 2I-r L/X, w *  = 2nf 
S u b s c r i p t s  
a = s p a t i a l l y  averaged va lue  
e  = value  a t  s t a r t  of nozz le  c o n t r a c t i o n  s e c t i o n  
f  = denotes  f u l l  l i n e r  
= va-lue a t  i n j e c t e r ,  o r  imaginary p a r t  
i n  = component i n  phase wi th  chamber p re s su re  
4, = va lue  i n  a  r eg ion  l o c a l  t o  t h e  l i n e r  s u r f a c e  
L = denotes  l i q u i d  
m = i n t e g e r  
n  = i n t e g e r ,  o r  va lue  a t  n e u t r a l  p o i n t  (M = 0)  
o u t  = component o u t  of phase w i th  chamber p re s su re  
P = denotes  p a r t i a l  l i n e r  
/L = resonant value 
R = r e a l  part 
0 = zeroth-order  (mean) quantity 
I = first-order q u a n t i t y  
2 = second-order q u a n t i t y  
3 = t h i r d - o r d e r  q u a n t i t y  
I = chamber v a l u e  
I1 = v a l u e  i n  c a v i t y  volume V 
S u p e r s c r i p t s  
a s t e r i s k  = dimens iona l  va lue  
arrow = v e c t o r  q u a n t i t y  
b a r  = s t e a d y - s t a t e  v a l u e  
prime = p e r t u r b a t i o n ,  o r  o s c i l l a t o r y  q u a n t i t y  
1.1 Int roduct ion  
The purpose of t h i s  r e p o r t  i s  t o  a i d  in  t h e  design and 
evalua t ion  of acous t ic  l i n e r s  fo r  use i n  t h e  suppression of 
high frequency combustion i n s t a b i l i t y  i n  l i q u i d  p rope l l an t  
rocket  engines.  The b a s i s  f o r  the  methods presented here  
i s  pr imar i ly  t h e o r e t i c a l  ana lys i s .  
The geometry of such l i n e r s  may c o n s i s t  of Helmholtz 
resonators ,  quarter-wave tubes,  half-wave tubes ,  or  some 
mul t ip le  lengths  the reof .  I n  the  underlying theory,  t h e r e  
i s  no d i s t i n c t i o n  among such geometries ; suggestions f o r  
comparison and freedom of choice a r e  contained in  t h e  design 
procedures. 
Chapter 3 con ta ins  perhaps t h e  most important in  forma- 
t i o n  i n  t h i s  r e p o r t .  In  t h a t  chapter  a  design procedure 
i s  presented t o  s e l e c t  t h e  optimum l i n e r  design - optimum 
i n  t h e  sense t h a t  t h e  t o t a l  sur face  area  occupied by the  
l i n e r  i s  minimized. Chapter 3 i s  w r i t t e n  so  t h a t  it is n o t  
abso lu te ly  necessary t o  read any o the r  chapter  in  t h e  r epor t .  
A c e r t a i n  minimal amount of information, t h a t  i s  usua l ly  
r e a d i l y  obta inable ,  is  s u f f i c i e n t  t o  provide the  b a s i s  f o r  
a  r a t h e r  simple design,  In  most ins tances ,  t h i s  approach 
w i l l .  closely approximate the optimum d e s i g n ,  More acesurate 
e a % c u l a t i o n s  can be performed, but some additional infor -  
mation i s  requi red .  Except fo r  those  cases i n  which an 
accura te  c a l c u l a t i o n  i s  required t o  provide f o r  a l i n e r -  
mean-through flow, a l l  c a l c u l a t i o n s  can be performed by 
hand. These except ional  c a l c u l a t i o n s  r e q u i r e  t h e  use of 
a computer t o  solve simultaneous a lgebra ic  equat ions.  A 
convenient computer program i s  provided i n  Appendix D .  
Chapter 4 conta ins  c e r t a i n  c l a s s e s  of problems t h a t  a r e  
l i k e l y  t o  occur in  p rac t i ce .  I n  genera l ,  t h e  c a l c u l a t i o n s  
suggested i n  t h a t  chapter  a r e  more d i f f i c u l t  than those of  
Chapter 3 .  I t  i s  suggested t h a t  one understand Chapter 3 
before at tempting c a l c u l a t i o n s  in  Chapter 4 .  
Chapter 2 conta ins  t h e  underlying reasoning t h a t  leads  
t o  the  methods contained in  t h e  succeeding chapters  a s  we l l  
a s  t h e  d e f i n i t i o n s  of a number of parameters. There a r e  a t  
l e a s t  two reasons why t h i s  chapter  appears in  t h i s  r e p o r t .  
The f i r s t  is  t o  serve a s  a j u s t i f i c a t i o n  f o r  the  methods i n  
Chapters 3 and 4 .  For these  methods, it i s  necessary t h a t  
information from var ious  a n a l y t i c  s t u d i e s  be brought together .  
I t  was f e l t  d e s i r a b l e  t h a t  t h i s  amassing be performed a t  one 
loca t ion  in  t h i s  r e p o r t ,  The second and perhaps more impor- 
t a n t  j u s t i f i c a t i o n  i s  t h a t  Chapters 3 and 4 do not conta in  
a11 the  u s e f u l  information t h a t  can be derived from the  ana- 
-
l y t i c a l  r e s u l t s ,  It i s  hoped t h a t  these  two chapters  cover 
virtually a11 problems o f  p r a c t i c a l  i n t e r e s t ,  b u t  there  may 
be certain isolated problems that conno t  be handled by. these 
c h a p t e r s ,  Thus, an unders tanding of  Chapter  2 may provide 
u s e f u l  sugges t ions  no t  con ta ined  i n  Chapters  3 and 4 ,  
Appendix A c o n t a i n s  t h e  acoustic-mode s o l u t i o n s  f o r  
r e c t a n g u l a r  , c  i r c u l a r - c y l i n d r  i c a l ,  and annu la r - cy l ind r  i c a l  
geometr ies .  I t  i s  expected t h a t  t h i s  appendix w i l l  be  most 
u s e f u l  f o r  f i n d i n g  t h e  e igenva lue  (and t h u s  frequency) and 
o t h e r  parameters  t h a t  c h a r a c t e r i z e  a  s p e c i f i c  i n s t a b i l i t y  
mode. The s o l u t i o n s  f o r  chamber p re s su re  and v e l o c i t y  a r e  
a l s o  g iven ,  b u t  such informat ion w i l l  be seldom necessary  
i n  p r a c t i c e .  
Appendix B c o n t a i n s  t h e  d e f i n i t i o n  of  c e r t a i n  c o n s t a n t s  
a s  w e l l  a s  c e r t a i n  a u x i l i a r y  equa t ions  needed when a  l i n e r -  
mean-through flow i s  p re sen t .  
Appendix C c o n t a i n s  a  s tudy  much l i k e  t h a t  appear ing 
i n  Ref. ( 11). The r e s u l t s  con ta ined  i n  t h i s  appendix a r e  
u s e f u l  f o r  t h e  developments i n  Chapter 2 .  
Appendix D c o n t a i n s  a  computer program t h a t  so lves  f o r  
t h e  l i n e r  response,  g iven app rop r i a t e  i npu t s .  A f u l l  des- 
c r i p t i o n  of  and o p e r a t i n g  i n s t r u c t i o n s  f o r  t h e  program a r e  
a l s o  included.  The use  of  such a  program w i l l  be  necessary  
when a c c u r a t e  c a l c u l a t i o n s  involving a  liner-mean-through 
flow a r e  necessary ,  and when c e r t a i n  problems descr ibed  i n  
Chapter  4 need s o l u t i o n .  
T h i s  report is intended to aid in problems dealing w i t h  
s p e c i f i c  i n s t a b i l i t y  modes. I n  p r a c t i c e ,  it very o f t e n  happens 
t h a t  a chamber encounters stability problems with more than 
one mode, Baffles can be used to suppress ssme modes and 
acous t ic  l i n e r s  then  used f o r  o the r  modes. Liners  may a l s o  
be designed f o r  more than one mode. Ana ly t i ca l  r e s u l t s  pre- 
sented i n  Chapter 2 suggest t h a t  l i n e r s  become more e f f e c t i v e  
a s  t h e  t a n g e n t i a l  mode number increases ,  a s  t h e  r a d i a l  mode 
number decreases ,  and a s  t h e  chamber Mach number dec reases .  
Also l i n e r s  should be more e f f e c t i v e  f o r  spontaneous i n s t a -  
b i l i t y  than f o r  t r i g g e r e d  i n s t a b i l i t y ,  and t h e  d i s t r i b u t i o n  
of combustion he lps  s t a b i l i z e  t h e  long i tud ina l  modes. Other 
suggestions of such genera l  na ture  can a l s o  be found i n  Chap- 
t e r  2 .  Apart from these  general  guide l ines ,  t h e  dec is ions  
t o  be made i n  t h e  choice of t h e  p a r t i c u l a r  modes t o  be sup- 
pressed by a l i n e r  a r e  ou t s ide  t h e  immediate scope of t h i s  
repor t ,  although the  designer  can u t i l i z e  t h i s  r e p o r t  in  h i s  
dec is ion  process.  
I n  employing t h e  design procedures contained i n  t h i s  re -  
porG cons idera t ion  i s  given t o  t h e  following e f f e c t s  inf luenc-  
ing l i n e r  design: chamber pressure o s c i l l a t i o n s ,  a chamber 
mean flow, chamber v e l o c i t y  o s c i l l a t i o n s ,  a liner-mean-through 
flow, a mean flow i n  t h e  backing volume, and d i f fe rences  i n  
mean temperatures,  r a t i o  of s p e c i f i c  h e a t s ,  and molecular 
weight between t h e  f l u i d  i n  t h e  combustion chamber and t h e  
f l u i d  in the liner back,ing volume, There a re  no s p e c i f i c  re -  
strictions placed on the steady-state operating characteristics 
ot the chamber, and any instability mode in rectangular , circu- 
l a r - c y l i n d r i c a l ,  annular -cyl indr ica l ,  and con ica l  chambers can 
be considered. 
f  Supj ress ion  
The HeTmhoLtz geometry is  depicted i n  F i g ,  (11.3-1.). 
Such a geometry c o n s i s t s  e s s e n t i a l l y  of an o r i f i c e  connecting 
v i f y  F/ow 
Mean F/OW 
Fiq. (1.3-1) 
t h e  chamber t o  a smaller  volume c a l l e d  t h e  c a v i t y  o r  backing 
volume." Such a geometry i s  s u i t a b l e  f o r  t h e  d iscuss ion  he re ;  
however, a more e l a b o r a t e  desc r ip t ion  is  provided, when neces- 
sa ry ,  in  a l a t e r  sec t ion  of t h i s  manual. The resonant-quarter-  
wave tube geometry occurs when t h e  c a v i t y  volume is  zero and 
t h e  o r  i f  i c e  length i s  one-quarter wavelength. The resonant- 
half-wave geometry occurs when t h e  c a v i t y  volume i s  very 
l a rge  compared t o  t h e  volume of the  o r i f  i c e  and t h e  o r i f  i c e  
length i s  one-half wavelength. 
Depicted here  i s  a mean flow i n t o  t h e  c a v i t y  and through 
t h e  o r i f i c e ,  a chamber flow across  one end of t h e  o r i f i c e ,  and 
c a v i t y  flow across  t h e  o ther  end. These a r e  some of t h e  e f f e c t s  
considered i n  t h i s  report .  
When such a geometry i s  in  the  uns table  environment with- 
in  a combustion chamber, o s c i l l a t o r y  motion occurs within and 
n e a r  t h e  o r i f i c e ,  The amplitudes a r e  usua l ly  large enough 
( f o r  a given frequency) t h a t  flow separa t ion  occurs when flujd 
* I n  t h i s  r e p o r t ,  t h e  dimensionsof the  c a v i t y  must be 
small  compared t o  t h e  wavelength o f  o s c i l l a t i o n  . 
exits f rom t h e  o r i f i c e ;  i , e , ,  t h e  o r i f i c e  e x i t  region is  
cha rac te r i zed  by j e t  flow, The e x i t  region a l t e r n a t e s  be- 
tween t h e  ends of t h e  o r i f i c e  and changes twice i n  one period 
(assuming one frequency dominates t h e  motion) .  The k i n e t i c  
energy i n  t h e  j e t  i s  not  recovered but  is  d i s s i p a t e d ,  and thus ,  
such j e t  flow provides a mechanism by which energy from t h e  
ordered o s c i l l a t i o n s  in  t h e  chamber i s  converted i n t o  a more 
random form. This i s  the  na ture  of t h e  suppression process .  
The presence of a chamber flow (both mean and o s c i l l a t o r y ) ,  
a mean c a v i t y  flow, and an o r i f i c e  mean flow complicate t h e  
motion. These complications appear t o  be more t h e o r e t i c a l  
than p r a c t i c a l .  References (1 t o  5 )  should a i d  t h e  i n t e r -  
e s t ed  reader  i n  a more d e t a i l e d  understanding of t h e  l i n e r  
response and t h e  r e s u l t i n g  suppression mechanism. 
CHAPTER 2 
Desiqn Cons idera t ions  
2 . 1  Local Chamber Environment 
I n  t h i s  s e c t i o n ,  we p r e s e n t  t h e  n o t a t i o n  which is  t o  
r e p r e s e n t  t h e  chamber environment i n  r eg ions  a t  o r  near  t h e  
p o s i t i o n  of t h e  l i n e r  ( l o c a l  environment) .  I n  Appendix A 
t h e  a c o u s t i c  mode s o l u t i o n s  a r e  given and t h e s e  s o l u t i o n s  
a r e  expressed i n  terms of t h e  n o t a t i o n  of  t h i s  s e c t i o n .  
Thus, wi th  t h e  h e l p  of Appendix A ,  one could c a l c u l a t e ,  i f  
necessary ,  t h e  flow parameters  de f ined  he re .  
The l o c a l  chamber s t a t i c  p re s su re  is assumed i n  t h e  
fol lowing form : 
where s u b s c r i p t  4, denotes  l o c a l  va lue ,  t h e  symbol * denotes  
dimensional  va lue ,  t h e  b a r  denotes  s t e a d y - s t a t e  va lue ,  and 
s u b s c r i p t  I denotes  chamber cond i t i ons .  Thus, s 4  i s  t h e  
square  r o o t  of t h e  l o c a l  nondimensional-chamber-pressure 
amplitude.  This  q u a n t i t y  can be f u r t h e r  expressed by 
where c 2  i s  c h a r a c t e r i s t i c  ampli tude f o r  t h e  e n t i r e  chamber, 
and a i s  a quantity that varies with position in the liner, 
These two quantities, a and e ,  can  be chosen so t h a t  
a t  pressure modes, a = 6, and a t  pressure ant inodes a = 1, 
The represen ta t ion  2 .  is  harmonic, In  many cases ,  
non-harmonic wave forms appear in a c t u a l  chambers. I t  is  a  
property of the  l i n e r  t h a t  i t s  response t o  c e r t a i n  harmonics 
i s  much g r e a t e r  than i t s  response t o  o t h e r s ;  t h e  l i n e r  can be 
thought of a s  a  mechanical f i l t e r .  Thus, even i n  the  presence 
of non-harmonic waves ( e  .g . ,  shocks) , t h e  above representa t ion  
i s  adequate in-so-far a s  t h e  l i n e r  response i n  concerned. In 
such cases ,  one chooses c a a s  the  amplitude of t h e  dominant 4, 
harmonic present  i n  t h e  wave. 
Throughout t h i s  manual, w is  defined a s  follows 
where L is t h e  length of t h e  l i n e r  o r i f i c e  ( th ickness  of the  
l i n e r ) ,  and X i s  t h e  wavelength of o s c i l l a t i o n .  The non- 
dimensional time t is then 
where subsc r ip t  a denotes an average over t h e  chamber volume, 
- 
and cI  i s  t h e  s t eady-s ta t e  speed of sound i n  t h e  chamber. 
The l o c a l  chamber v e l o c i t y  i s  assumed i n  t h i s  form 
The symbol -+ denotes vec tor  quan t i ty  and + vector  addi- 
4 
t i o n .  The q u a n t i t y  tiIt i s  the  s teady-s ta te  mean flow and does 
not v a r y  w i t h  t i m e ,  but will, however, be a f u n c t i o n  o f  position 
4 
within the  chamber. u ; ~  i s  made up of unsteady o s c i l l a t i o n s ,  
and i s  a  funct ion of both time and space; furthermore, 
where I I denotes  magnitude. The q u a n t i t i e s  e and g do n o t  A 4, 
depend upon t i m e ,  b u t  may depend upon p o s i t i o n  i n  t h e  chamber. 
Through t h e  proper cho ice  of t h e s e  q u a n t i t i e s ,  any phase d i f -  
fe rence  between t h e  chamber p re s su re  and v e l o c i t y  can be con- 
s ide red .  I n  p a r t i c u l a r ,  when e # 0 and g = 0,  t h e  p re s su re  4, .t 
and v e l o c i t y  a r e  i n  phase,  and t h i s  corresponds t o  a t a n g e n t i a l  
sp inn ing  mode. When e* = 0 and g # 0,  t h e  p re s su re  and v e l -  4 
o c i t y  a r e  90' ou t  of phase ,  and t h i s  corresponds t o  any s tand-  
ing mode ( t r a n s v e r s e ,  l o n g i t u d i n a l ,  o r  mixed t r ansve r se - long i -  
t u d i n a l )  wi th  no c o n t r i b u t i o n  from a t a n g e n t i a l  sp inn ing  f a c t o r .  
Any o t h e r  p a r t i c u l a r  va lues  of eL and g a r e  pe rmis s ib l e ,  a l -  4, 
though, i n  g e n e r a l ,  i f  e  and g a r e  both  non-zero, t h e  mode 4, 4, 
w i l l  c o n t a i n  both s t and ing  and ( t a n g e n t i a l )  spinning c o n t r i -  
bu t ions .  
W e  l e t  Yt r e p r e s e n t  t h e  ang le ,  l e s s  than  o r  equa l  t o  180'. 
-L A I between t h e  d i r e c t i o n  of  UIA and t h e  d i r e c t i o n  of u&, when U I t ,  
g iven by E q .  ( 2 . 1 - 7  , i s  g r e a t e r  than ze ro  ( see  Fig .  2 . 1 - 1 )  . 
Thus,  f o r  purely t r ansver se  modes ( t a n g e n t i a l ,  r a d i a l ,  o r  mixed 
t a n g e n t i a l - r a d i a l ) ,  t he  angle Y, i s  cons tant  and i s  equal  t o  
-w 
90'. For purely long i tud ina l  modes, Y i s  again cons tan t ,  but 4, 
i s  now equal  t o  O O .  For mixed t ransverse- longi tudina l  modes, 
Y may be a  funct ion of time. 
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2 . 2  Liner Response 
In  t h i s  sec t ion ,  we present  t h e  so lu t ion  f o r  t h e  gas motion 
assoc ia ted  with a  l ined  su r face  when it i s  placed i n  an environ- 
ment described by t h e  previous sec t ion .  
Fig.  1 . 3 -  and t h e  associa ted  discussion desc r ibes  t h e  
problem a t  hand. There a r e  a  few d e t a i l s  t h a t  should be d i s -  
cussed here .  I n  t h e  s o l u t i o n s  t o  be presented,  any o r i f i c e -  
mean-f low and any cavity-mean-cross-f low a r e  assumed t o  be 
cons tan t  in  time. Such an assumption w i l l  be s a t i s f i e d  i f  
t h e  mean flow i n t o  t h e  c a v i t y  i s  choked and is i n  t h e  d i r e c t i o n  
a s  shown. The e f f e c t  of c r o s s  flows in  t h e  o r i f i c e  j e t  is  
represented by a  mean pressure  c o e f f i c i e n t  C , one f o r  t h e  
P  
chamber s i d e  of t h e  o r i f i c e  C 
PI ' 
and one f o r  t h e  c a v i t y  s i d e  
- 
C p I I '  The following paragraph expla ins  how C is defined.  P  
Consider a  r e se rvo i r  a t  pressure  p  discharging through 
0' 
an o r i f i c e  i n t o  a moving stream where, a t  the  o r i f i c e  e x i t ,  
t h e r e  i s  pressure pe and v e l o c i t y  u  both averaged over t h e  
e  
o r i f i c e  e x i t  c ross-sec t ion ,  W e  def ine  the  average pressure  
c o e f f i c i e n t  here  a s  
w h e r e  U i s  v e l o c i t y  and OZ denotes  va lue  i n  the free-moving 
e x t e r n a l  s t ream,  The value of t h i s  c o e f f i c i e n t  depends upon 
t h e  r a t i o  of t h e  o r i f i c e  momentum f l u x  t o  t h a t  of t h e  e x t e r n a l  
stream ( 6 )  . Experimental  r e s u l t s  suggest  t h a t  t h i s  q u a n t i t y  
should no t  be g r e a t e r  t han  approximately -1, nor much less 
than  about -2 ( 6 ) .  I n  an a c t u a l  rocke t  chamber, s i n c e  t h e  
above momentum r a t i o  does va ry  i n  t ime,  some averaged va lue  
must be chosen f o r  q u a n t i t a t i v e  r e s u l t s .  
I n  t h e  s o l u t i o n  t o  be presen ted ,  t h e r e  w i l l  a l s o  appear 
a  c o e f f i c i e n t  of  d i s cha rge  CD f o r  t h e  l i n e r  o r i f i c e s .  Such 
a  c o e f f i c i e n t  a l lows  f o r  t h e  c o n s i d e r a t i o n  o f  c e r t a i n  r e a l  
e f f e c t s  when t h e  o r i f i c e  motion i s  quasi -s teady.  Ouasi- 
s t e a d y - o r i f i c e  motion occu r s  when t h e  p a r t i c l e  s t a y  t ime i n  
t h e  o r i f i c e  i s  n e g l i g i b l y  smal l  compared t o  t h e  per iod  of 
o s c i l l a t i o n ,  o r  
4 4  1 (2 .2 -2 )  
where u* i s  t h e  (dimensional)  o r i f i c e  v e l o c i t y .  When t h i s  
c o n d i t i o n  i s  f u l f i l l e d ,  one can use  handbook va lues  f o r  CD. 
I f  n o t ,  one should make CD = 1. I t  is d i f f i c u l t  t o  determine 
when cond i t i on  ( 2 . 2 - 3 )  w i l l  be f u l f i l l e d  i n  p r a c t i c e  because 
of t h e  v a r i a b l e  n a t u r e  of u*. However, it i s  known (from 
t h e  r e s u l t s  t o  be p re sen ted )  t h a t ,  when CD < 1 ( t h e  on ly  
p h y s i c a l l y  r e a l i z a b l e  c a s e ) ,  l i n e r  performance i s  h indered ,  
Thus, we can o b t a i n  a  conse rva t ive  c r i t e r i o n  when Condi t ion 
(2,2-2) i s  fulfilled, I f  t h e  o r i f i c e  f l o w  does no t  go quas i -  
s t e a d y  f o r  the  l a r g e s t  ampl i tudes ,  then it c a n ' t  go quas i -  
steady a t  a l l .  Taking the l a rges t  p re s su re  ampli tudes  ( E "  ) 
a s  nea r  0 . 5 .  t h e  s o l u t i o n  t o  be presented sugges t s  t h a t  u*/TI= 
0 [a 1, o r  c o n s e r v a t i v e l y ,  near  u n i t y .  Thus, i f  L/X is 
l e s s  than about 0.1, one should assume t h a t  t h e  o r i f i c e  motion 
w i l l  be quas i - s teady  i n  ope ra t ion ,  o r  f o r  CD, i f  
< about  0.1, use  handbook va lue  f o r  CD 
L/X = (2.2-3) 
> about  0.1, u se  CD = 1.0 
For o r i f i c e s  w i t h  smal l  L/D, C w 0.615 f o r  l a r g e  Reynolds D 
number. 
The normal g a s  v e l o c i t y  on t h e  chamber s i d e  of t h e  l i n e r  
( a t  a  s u r f a c e  s l i g h t l y  removed from t h e  l i n e r )  i s  f i r s t  
r ep re sen ted  by 
where a i s  t h e  l o c a l  percen t  open a r e a  r a t i o  of  t h e  l i n e r ,  4 
and E % is t h e  local-mean flow v e l o c i t y  through t h e  o r i f i c e s  
* 
i n  t h e  l o c a l  reg ion .  The q u a n t i t y  c u '  i s  t h e  l o c a l - o s c i l -  4 
l a t o r y - o r i f i c e  v e l o c i t y  and is  f u r t h e r  expressed a s  
A l l  t h a t  remains i s  t o  eva lua t e  t h e  c o n s t a n t s  M and N* a s  4 
a  func t ion  o f  u and t h e  parameters i n  t h e  previous  s e c t i o n ,  4 
Genera l ly  speaking,  t h e s e  c o n s t a n t s  can be obta ined a s  t h e  
r e s u l t  of  a  simultaneous s o l u t i o n  of a l g e b r a i c  equa t ions ,  
These equa t ions  w i l l  f i r s t  be w r i t t e n  f o r  a case which is 
q u i t e  general, al though complex. W e  will then  s imp l i fy  these 
* 
Note t h a t  e i s  not  a l o c a l  va lue ,  b u t  i s  a c h a r a c t e r i s t i c  
ampli tude f o r  the chamber, 
equa t ions  to a form t h a t  w i l l  main ta in  g e n e r a l i t y  i n  practice, 
Thus, for a s p e c i f i c  l i n e r  geometry, a given mean flow through 
t h e  l i n e r ,  and a given chamber environment a s  desc r ibed  i n  t h e  
prev ious  s e c t i o n ,  one can c a l c u l a t e  t h e  normal gas  v e l o c i t y  
on t h e  chamber s i d e  of t h e  l i n e r  from t h e  fol lowing s e t  of 
* 
equa t ions .  For convenience,  we omit t h e  s u b s c r i p t  6 h e r e .  
E B2,, coJ@ + (Y ccs  w / t s  - s m  w ) ~  cos U 
- + a a N ~ ; ~ " w  - E B,,, - o ( 2 . 2 - 6 )  
where 
The above two equa t ions  h e l p  t o  determine t h e  q u a n t i t i e s  
M and N. C e r t a i n  a u x i l i a r y  equa t ions  a r e  needed s i n c e  t h e  
q u a n t i t i e s  A and Bi . depend upon both M and N i n  a  corn- i , j  1 1  
p l i c a t e d  way. These o t h e r  equa t ions ,  as  w e l l  a s  t h e  de f in -  
i t i o n s  of  Ai  , and Bi a r e  given i n  Appendix B. 
, j '  
- 
S p e c i a l  Case: no liner-mean-throuqh flow, u  = 0. 
I f  t h e r e  i s  no liner-mean-through flow, t h e  above s e t  
of equa t ions ,  inc lud ing  a l l  a u x i l i a r y  equa t ions ,  can be s i m -  
p l i f i e d  cons iderab ly .  I n  t h i s  s p e c i a l  c a s e ,  t h e  fol lowing 
two simultaneous a l g e b r a i c  equa t ions  can be numericaLly 
solved t o  determine both  M and N. 
* 
W e  n o t e  t h a t  t h i s  solution applies t o  raear-resonance 
o s c i l l a t i o n s ,  O s c i l l a t i s n s  far from resonance a r e  of no 
p r a c t i c a l  concern h e r e ,  
where t h e  s i g n  / I denotes  a b s o l u t e  va lue ,  and 
The q u a n t i t i e s  Fi do no t  depend upon M o r  N ,  b u t  merely de- 
pend upon t h e  chamber v e l o c i t y  t e rms  EI ,e ,  and g. When t h e  
chamber v e l o c i t y  e q u a l s  ze ro  (both mean and o s c i l l a t o r y ) ,  a l l  
Fi l i kewise  equa l  ze ro .  The q u a n t i t i e s  Fi a r e  def ined  i n  
Appendix B. 
S p e c i a l  Case : resonance wi th  no liner-mean-throuqh flow, 
N = O a n d u = O  
Equations (2.2-9,lO) can be s i m p l i f i e d  f u r t h e r ,  and a  
r e s u l t  ob ta ined  t h a t  is  extremely u s e f u l  i n  design cons ider -  
a t i o n s .  From Eqs. ( 2 . 1 - 1 ,  2 .2-5) ,  one can  see  t h a t ,  when 
N = 0, t h e  o r i f i c e  o s c i l l a t o r y  v e l o c i t y  w i l l  be i n  phase wi th  
t h e  chamber p re s su re .  We c a l l  t h i s  cond i t i on  resonance,  and 
t h e  optimum des ign  w i l l  ope ra t e  a t  (o r  very n e a r )  t h i s  condi-=- 
tion, Setting N = 0 in E q s ,  ( % , % - 9 , l O )  gives one express ion  
f o r  t h e  resulting veEocity amplitude (obtained from M) , and 
another expression that determines the liner geometry under 
which this condition is satisfied (resonant geometry) ,  Both 
of t h e s e  exp res s ions  a r e  given below, and t h i s  s p e c i a l  c a s e  
i s  denoted by t h e  s u b s c r i p t n .  f o r  resonance.  
where 
Note t h a t  t h i s  s o l u t i o n  is e x p l i c i t  and no numerical  compu- 
t a t i o n  is necessary .  I n  t h e s e  exp res s ions ,  t h r e e  a d d i t i o n a l  
q u a n t i t i e s  appear which have n o t  appeared e x p l i c i t l y  be fo re ;  
- - 
namely, CD,  C andUI I .  The f i r s t  of t h e s e  is  t h e  c o e f f i c i -  
P I  
e n t  of d i s cha rge  f o r  t h e  l i n e r  o r i f i c e s ,  t h e  second o f  t h e s e  
i s  a  mean p re s su re  c o e f f i c i e n t  t h a t  d e s c r i b e s  t h e  i n t e r a c t i o n  
of a  j e t  wi th  a  cross-f low,  and t h e  t h i r d  o f  t h e s e  i s  a  mean- 
cross-f low on t h e  c a v i t y  s i d e  of t h e  o r i f i c e .  - These q u a n t i t i e s  
have a l r e a d y  been d i scussed  a t  t h e  beginning of  t h i s  s e c t i o n .  
I t  can be proved t h a t ,  i f  C < 0 -(which is  t h e  on ly  
PI 
p h y s i c a l l y  r e a l i s t i c  r a n g e ) ,  t h e  magnitude of MA can on ly  be 
increased  by t h e  c o n t r i b u t i o n s  from GI, e  and g. Thus, a  
chamber flow can on ly  inc rease  M /La 
Eq. (2 -2-13) is extremely laseful  in design considera.tions, 
When this expression is satisfied, and when there is no liner- 
mean-through flow, the liner geometry w i l l  be the resonant 
geometry, This expression contains the eftfeets sf a cham- 
ber  flow on t h e  resonant  geometry. Note t h e  ve ry  important  
N 
r e s u l t  t h a t ,  when 0 = 0 ,  t h e  resonant  geometry on ly  depends 
n 
upon t h e  frequency of t h e  i n s t a b i l i t y  mode, and no t  upon t h e  
ampli tudes  of t h e  chamber p re s su re  and v e l o c i t y  encountered 
by t h e  l i n e r .  From Eq. (2.2-14) we then  conclude t h a t ,  f o r  
no liner-mean-through flow, t h e  resonant  geometry does n o t  
depend upon t h e  i n s t a b i l i t y  ampli tude when any o f  t h e  fol low- 
i n g  cond i t i ons  a r e  s a t i s f i e d .  I n  t h e  fol lowing l i s t ,  any 
r e f e r e n c e  t o  chamber p re s su re  and v e l o c i t y  concerns  on ly  
t h o s e  l o c a l  v a l u e s  i n  t h e  v i c i n i t y  of where t h e  l i n e r  i s  
placed.  
A-1) g  = 0 ;  o r  t h e  chamber p re s su re  i s  i n  phase w i t h  
t h e  chamber o s c i l l a t o r y  v e l o c i t y .  Such a  cond i t i on  occurs  
f o r  a l l  pure ly  sp inn ing  t a n g e n t i a l  modes. 
A-2) e  = 0 and c o s  $ = 0 ;  o r  t h e  chamber p re s su re  is 
90' o u t  of phase wi th  t h e  chamber o s c i l l a t o r y  v e l o c i t y ,  and 
t h e  d i r e c t i o n  of t h e  chamber o s c i l l a t o r y  v e l o c i t y  i s  a t  
r i g h t  ang le s  t o  t h e  d i r e c t i o n  of t h e  chamber mean flow. 
Such a cond i t i on  occurs  i n  a l l  t r a n s v e r s e  s tanding  modes of 
c  i r c u l a r - c y l i n d r i c a l  and annu la r - cy l ind r i ca l  combustors . 
A-3) cI= 0 and e i t h e r  e  = 0 o r  g  = 0; o r  t h e  chamber 
mean flow i s  ze ro  wi th  t h e  chamber o s c i l l a t o r y  p re s su re  
e i t h e r  i n  phase o r  90' o u t  of phase wi th  t h e  chamber o s c i l -  
l a t o r y  v e l o c i t y .  Such a  cond i t i on  i s  s a t i s f i e d  f o r  any pu re ly  
sp inn ing  o r  any pure ly  s tanding  mode i n  r eg ions  c l o s e  t o  t h e  
i n j e c t o r .  
P,, P-l 
24-4) s i n  m s> c G,/M~ cos  wr,or both s i n  w and E C 2 4 / ~ r  
c o s  iur a re  smalr ,  o r  c o s  w, = 0. A t  l e a s t  one 0% t h e s e  will 
occur  when w is  n o t  near  k v/2, #, = 0, l, 2 ,  . . , t h e  cham- 
ber v e l o c i t y  is  r e l a t i v e l y  smal l  (near  a  p re s su re  an t inode  - 
because of the o rde r ing  involved, UIt e and g will be s m a l l  
o r  zero), or, because of the ordering involved, any mode that 
has a s p i n n i n y  tangential component., or w = 8 7712, k odd, 
C o n d i t i o n s  A -  2 4 i n c l u d e  rriost cases of t r a n s v e r s e  
i n s t a b i l i t y  i n  r e c t a n g u l a r ,  c i r c u l a r - c y l i n d r i c a l ,  and annular-  
c y l i n d r i c a l  combustors. Condi t ions  ( 3 )  and (4)  i nc lude  many 
c a s e s  of  l o n g i t u d i n a l  and mixed t r a n s v e r s e - l o n g i t u d i n a l  modes 
i n  such chambers. I n  applying t h e s e  r e s u l t s  t o  mixed t r a n s -  
ve r se - long i tud ina l  modes, s t r i c t l y  speaking,  onl-y t hose  modes 
f o r  which t h e  angle  3, i s  c o n s t a n t  should be admit ted ( s ee  
Sec.  2 . 1 ) ;  however, i f  c o n d i t i o n  (4)  i s  s a t i s f i e d ,  it i s  
suggested t h a t  a l l  mixed modes can be cons idered .  Also,  i f  
Condi t ion (4)  i s  s a t i s f i e d ,  it i s  suggested t h a t  c o n i c a l  cham- 
b e r s  be included a l s o .  
A t  a  l a t e r  po in t  i n  t h i s  c h a p t e r ,  we w i l l  s e e  t h a t ,  i n  
o r d e r  t o  provide f o r  a  l i n e r  des ign  wi th  optimum damping, 
c e r t a i n  requirements  must be s a t i s f i e d .  I t  t u r n s  ou t  t h a t  
t h e s e  requirements  a r e  such t h a t  Condi t ion (4)  w i l l  be s a t i s -  
f i e d .  Thus, f o r  optimum des ign ,  f o r  any i n s t a b i l i t y  mode i n  
r e c t a n g u l a r ,  c  i r c u l a r - c y l i n d r i c a l ,  a n n u l a r - c y l i n d r i c a l ,  and 
c o n i c a l  chambers, t h e  des igner  need n o t  be concerned wi th  t h e  
i n s t a b i l i t y  ampli tudes  ( a s  long a s  t h e y  a r e  sma l l ,  i . e . ,  E << 1.) 
i n  f i nd ing  t h e  resonant  geometry. 
Another s p e c i a l  c a s e  of  Eqs. (2.2-9,lO) occurs  when M = 0. 
I n  t h e  presence of a chamber flow, t h e  r e a l  p a r t  of t h e  l i n e r  
admit tance can be nega t ive  i n  reg ions  no t  t o o  f o r  from reso-  
nance, Theore t ica l  study, to date, has  suggested t h a t ,  krl  
such nega t ive  r eg ions ,  t h e  l i n e r  may behave i n  a d e s t a b i l i z i n g  
way, That is, the Liner action may provide a mechsnism where- 
by energy from the chamber velocity f i e l d  does work on the  
chamber p r e s s u r e  f i e l d .  W e n  M = 0 ,  t h e  r e a l  p a r t  o f  t h e  
l i n e r  a d m i t t a n c e  w i l l  be  z e r o ,  and t h i s  w i l l  p rov ide  f o r  a  
n e u t r a l  c o n d i t i o n  o f  s t a b i l i t y  ( s u b s c r i p t  m below) .  Thus, 
where 
Eq. (2.2-15) s e r v e s  t o  de te rmine  t h e  r e s u l t i n g  o r i f i c e  v e l o c i t y  
ampl i tude .  I n  g e n e r a l ,  two p o s s i b l e  v a l u e s  of  NRI can  be o b t a i n -  
ed - one f o r  N, > 0 ( s a y  N+) and t h e  o t h e r  f o r  N, < 0 ( s a y  N-). 
I n  Eqs. (2 .2 -15 ,17) ,  t h e  upper  s i g n s  a r e  t o  be used f o r  N+, 
and t h e  lower s i g n s  f o r  N - . Eq. (2.2-16) t h e n  s e r v e s  t o  de- 
t e r m i n e  t h e  l i n e r  g e o m e t r i e s  a t  which t h i s  c o n d i t i o n  w i l l  
occur .  Note t h a t  K = A  X/V can  o n l y  be z e r o  o r  p o s i t i v e ,  
s o  t h a t  i f  a  n e g a t i v e  v a l u e  i s  o b t a i n e d  f o r  a  s p e c i f i c  v a l u e  
52. 
o f  Nm, t h i s  s o l u t i o n  i s  p h y s i c a l l y  u n r e a l i z a b l e .  If X > X+ 
( f o r  N+) o r  if H < H - (for N - ) .  the r e a l  part of the l i n e r  
a d m i t t a n c e  will be nega t ive ,  nositive va lues  ef the liner 
admittance occur  f o r  K - < K %+. 
Jc 
T h i s  i s  t r u e  o n l y  f o r  c a v i t i e s  w i t h  dimensions s m a l l  
compared t o  X ,  
The noadimensional pressure i n  t h e  backing volume c a n  
be found from 
where 
and where MAand Ntcan be found by t h e  above methods. 
Example Calcula t ions  
Figures  ( 2 . 2 - 1  t o  6)  i l l u s t r a t e  t h e  so lu t ion  of Eqs. 
(2.2-6 and 7 )  together  with t h e  a u x i l i a r y  equat ions given i n  
Appendix B. Such a u x i l i a r y  equat ions a r e  necessary only when 
- 
u # 0 .  Both t h e  r e a l  and imaginary p a r t s  of t h e  l i n e r  admit- 
tance a r e  p l o t t e d  versus X f o r  p a r t i c u l a r  values of w.  The 
r e a l  and imaginary p a r t s  of t h e  admittance a r e  given below 
in the  no ta t ion  of t h i s  sec t ion .  
We w i l l  see  in  a l a t e r  sec t ion  t h a t  gR i s  an important de- 
s ign parameter and t h a t  a t  any given pos i t ion  i n  t h e  chamber, 
.XR should be maximized fo r  optimum s t a b i l i t y .  
Figure ( 2 - 2 - 1 )  i l l u s t r a t e s  t h e  l i n e r  behavior with flow 
ef r'ects akssenk HZ-gher amplitudes Iswer the peak values  of 
but  increase  t h e  half-width.  The increase  of SKA with 
w i s  due t o  t h e  ( P  -I- I cos3 
w !  1 )  term i n  the  denominator 
i n C q .  (2.2-12). ("IA will become a m a x i m u m  v~Inen % = n w/2 
or $11 = n/4# w h e r e  n i s  an odd integer, Such a r e s u l t  has 
important  imp l i ca t ions  on des ign .  
Figure  ( 2 . 2 - 2 )  i l l u s t r a t e s  t h e  e f f e c t  of  a  d i s cha rge  
c o e f f i c i e n t  l e s s  t han  u n i t y .  A s  mentioned a t  t h e  beginning of 
t h i s  s e c t i o n ,  such a  c o e f f i c i e n t  ,is proper only  when t h e  o r i f i c e  
motion is quas i - s teady  (w -+ 0 .0 ) .  Note t h a t  t h e  peak va lue  of 
.SR i s  decreased,  t h e  ha l f -wid th  i s  inc reased ,  and l a r g e r  v a l u e s  
of SR a r e  ob ta ined  n o t  t o o  f a r  from resonance.  
F igure  (2.2-3) i l l u s t r a t e s  t h e  e f f e c t  o f  a  chamber flow. 
A s  noted e a r l i e r ,  M (and consequent ly  Xu) i s  always increased  
h 
by a  chamber flow. Values of Jt f o r  which .SR i s  nega t ive  should 
be avoided s i n c e ,  a s  mentioned e a r l i e r ,  t h i s  may lead  t o  des t a -  
b i l i z i n g  ope ra t ion .  The e x t e r n a l  flow components EI, e,  and g  
a f f e c t  .SR i n  t h e  same q u a l i t a t i v e  way, b u t  t h e  q u a n t i t a t i v e  
e f f e c t s  on t h e  maximum and minimum va lues  of .S and t h e  h a l f  - R 
width do d i f f e r .  F igu re  (2.2-3 e )  i l l u s t r a t e s  t h a t  a  p a r t i c u l a r  
f low conf igu ra t ion  (and consequent ly  t h e  ampl i tudes)  can change 
t h e  resonant  frequency (c .  f .  Eqs. 2.2-13 and 14)  . This  f i g u r e  
a l s o  i l l u s t r a t e s  t h e  asymmetrical  c h a r a c t e r  of  Eq. (2.2-16), 
t h a t  an e x t e r n a l  f low can  change t h e  resonant  frequency,  b u t  
t h a t  LR s t i l l  peaks a t  i t s  resonant  va lue  ( t h i s  l a s t  s ta tement  
has  no t  y e t  been proven i n  g e n e r a l ) .  
When t h e r e  i s  no chamber flow, and t h e  o r i f i c e  flow i s  
quasi-steady (small w ) ,  the  resonance cond i t i on  can  be s a t i s -  
f ied on ly  by a very large eavbt%/ volizme,* En o t h e r  words, in 
t h e  L i m i t  w-+O,O, t h e  o r i f i c e  f l u i d  exper iences  no temporal 
--- 
*In  t h e  theory  presen ted  h e r e ,  t h e  dimensions of t h e  c a v i t y  
volume should remain smal l  compared t o  X ,  This  theory  sugges t s  
accelerakion (inertial , E q s ,  (2 -2-13,141 show that, in 
t h e  presence of p a r t i c u l a r  chamber flows, t h e  resonance con- 
d i t i o n  can be s a t i s f i e d  i n  t h e  quasi-steady case  by smaller  
cav i ty  volumes. (See Figures  ( 2 . 2 - 1  and 3 )  f o r  an i l l u s t r a t i o n . )  
Thus, i f  any of Conditions A - 1  t o  4 of t h i s  sec t ion  a r e  s a t i s -  
f i e d ,  the  resonance condi t ion  f o r  t h e  quasi-steady case  can be 
obtained by making t h e  o r i f i c e  length a s  small  a s  poss ib le  
and t h e  c a v i t y  volume a s  l a rge  a s  possible .  The advantage i n  
t h i s  procedure is t h a t  t h e  des i red  condi t ion  i s  obtained i n  
an asymtotic way so  t h a t  s loppiness  in  t h e  design and off-de- 
s ign operat ion i s  of no major consequence. 
Figures (2.2-3 a and 3 c ) i l l u s t r a t e  t h a t  l a r g e r  values 
of (-C ) enhance t h e  e f f e c t s  of a chamber flow. Such a r e -  
PI 
s u l t  i s  expected s ince  t h e  aerodynamic "suct ion" caused by a 
cross-flow over t h e  j e t  then becomes l a r g e r .  
Figure (2.2-4) i l l u s t r a t e s  t h e  e f f e c t s  of an o r i f i c e  
A 
mean flow ii and a c a v i t y  mean flow U I I .  Since a c a v i t y  mean 
flow plays a s i m i l a r  r o l e  i n  t h e  formulation a s  a chamber 
mean flow, it is  not s u r p r i s i n g  t h a t  i t s  e f f e c t  i s  q u a l i t a t i v e l y  
t h e  same a s  a chamber mean flow. Notice t h a t  t h e  mean flow Ti 
does a f f e c t  t h e  geometry where gR peaks, but t h a t  such a peak 
i s  s t i l l  obtained a t  resonance (where N = 0 ) .  In  t h e  quasi-  
steady case (w  = 0 . 0 )  , a contac t  sur face  always passes corn- 
p l e t e l y  through t h e  o r i f i c e  (see Appendix B). In t h e  unsteady 
- 
t h a t ,  f o r  w very small, such dimensions must be a t  l e a s t  of  
t h e  order of the wavelength for resonance to occur,  
case (w = 0.1), the con tac t  sur face  may not necessarily pass 
complete ly  through t h e  o r i f i c e ,  The dash-dot-dash l i n e s  w e r e  
ob ta ined  through t h e  u s e  of Eqs. ( B  -3 l a ,  3% ) . The s o l i d  
l i n e s  w e r e  ob ta ined  through t h e  u s e  of  Eq. (B  -3lb,  32b). A s  noted 
i n  Appendix B, when t h e  s o l u t i o n  can be ob ta ined  through t h e  
use  of  Eqs. (B-31a, 3 2 a ) ,  it is t,he proper  s o l u t i o n .  I£ 
n o t ,  t hen  one r e s o r t s  t o  Eq. (B-31b, 32b) t h e  dashed c u r v e s  i n  
F igure  (2.2-4 b)  t h u s  i n d i c a t e  t h e  expected behavior .  
For p a r t i c u l a r  va lues  of ampli tude and frequency,  e i t h e r  t h e  
set  (B-31a, 32a) o r  (B-31b, 32b) can apply e x c l u s i v e l y  i n  t h e  
e n t i r e  r eg ion .  
E f f e c t s  of D i f f e r ences  i n  Cavi ty  and Chamber Environments 
Among t h e  important  c o n s i d e r a t i o n s  i n  a c o u s t i c  l i n e r  
response a r e  t h e  e f f e c t s  of d i f f e r e n c e s  i n  mean tempera tures  
(F) and molecular  weights  (m) between t h e  f l u i d  i n  t h e  com- 
b u s t i o n  chamber and t h e  f l u i d  i n  t h e  l i n e r  backing volume. 
These e f f e c t s  have been s t u d i e d  numerical ly  i n  Ref. ( 7 ) ,  and 
some of  t hose  r e s u l t s  a r e  r epo r t ed  h e r e .  
A number of  c a s e s  were cons idered  i n  t h e  c a l c u l a t i o n s .  
The q u a n t i t y  $ = AL/V was chosen t o  be  0.1 and 0.01. The 
chamber p re s su re  ampli tude ( e 2 )  was chosen a s  0 - 1  and 0.25. 
Note t h a t  t h e s e  are moderate and very h igh  ampli tudes.  The 
- - 
r a t i o  ( T I T  was chosen t o  be 1 .0 ,  0.20, and 0.08. 
Here, subscript I denotes  chamber, and I f  denotes  backing 
volume (cavity), For a l l  possible combinations of these 
c a s e s ,  t h e  r e s u l t s  can be s u m a r i z e d  a s  fallows, 
The speed of sound i n  t h e  chamber can be used a s  t h e  
p e r t i n e n t  q u a n t i t y  i n  e v a l u a t i n g  l i n e r  response.  The above 
- 
v a r i a t i o n s  i n  (hI TII/lnIIFI) do no t  apprec iab ly  a f f e c t  t h e  
geometry a t  which t h e  o r i f i c e  v e l o c i t y  peaks (a l though t h e  
geometry a t  which t h e  c a v i t y  p r e s s u r e  peaks is g r e a t l y  a£- 
f e c t e d ) .  The o r i f i c e  v e l o c i t y  nea r  t h e  maximum va lue  ( i .e . ,  
- 
resonance)  i s  l a r g e s t  when (hI TII/h T ) is u n i t y ,  and mono- I1 I 
t o n i c a l l y  decreases  by no more than  35% when (bI ~ I I / h I I ~ I )  
becomes 0.08. 
From t h e  above r e s u l t s ,  we can inc lude  such d i f f e r e n c e s  
i n  c a v i t y  and chamber environments by a  des ign  f a c t o r  which 
a l lows  f o r  a  35% drop  i n  t h e  o r i f i c e  v e l o c i t y  ampli tude nea r  
resonance.  I n  t h e  n o t a t i o n  of t h i s  s e c t i o n ,  
w i th  
N c, -v 0.6s 
Another important  c o n s i d e r a t i o n  concerning l i n e r  r e -  
sponse involves  d i f f e r e n c e s  i n  t h e  r a t i o  of  s p e c i f i c  h e a t s  
( y )  between t h e  c a v i t y  and chamber. The e f f e c t  of such a  
d i f f e r e n c e  has  an in f luence  on both t h e  governing equa t ion  
for t h e  orifice motion and t h e  boundary cond i t i ons  on t h e  
two sides s f  the orifice, The effect on the boundary condi- 
t ions has been studied anaPyticaPPy , Those results suggest 
t h a t  such a d i f f e r e n c e  affects both the  o r i f i c e  v e l o c i t y  
amplitude a t  resonance and t h e  resonant geometry, This 
e f f e c t  on the  o r i f i c e  v e l o c i t y  resonant amplitude and t h e  
resonant geometry can be w r i t t e n  a s  follows 
= t ~ t a n d = [ ( ~ - ~ t , ) / Z  + J , n z a ~ , ] ( i  
- &/YZ (2.2-25) 
where J; = e ( i  + I cos3m,~)/~n (2.2-26 
a = ( I  - C O J L A Z ~ ) ( Z  - & / & ) s / n c ~ , / + # ~  (2.2-27) 
These expressions do not  conta in  t h e  e f f e c t  of an o r i f i c e  mean 
through flow. The q u a n t i t i e s  Mr and K r  a r e  those ca lcu la ted  
by means of Eqs. (2.2-12,13) . The q u a n t i t y  A T ,  i s  the  p a r t i -  
c l e  t r a n s i t  time from t h e  chamber s i d e  of  t h e  o r i f i c e  t o  t h e  
c a v i t y  s i d e  of t h e  o r i f i c e .  In  t h e  quasi-s teady case ,  both 
w and A T 2  become very small ,  so t h a t  M: and X: approach Mr 
and X r .  I n  the  genera l  case.  0 A 7, s, n .  so  t h a t  such an 
e f f e c t  can be s i g n i f i c a n t .  For ins tance ,  i f  we consider  
J, ~ i .  0 .5 ,  J2 a 1 ,  MI ~ i .  1, we obta in  M: a 0.4. Thus, a  60% 
reduct ion i n  t h e  value of Mr i s  obtained. Since t h e  resonant 
geometry i s  a f f e c t e d  by a  d i f f e rence  i n  y ,  a  design based 
upon K r  would r e s u l t  i n  a  drop of M which i s  g r e a t e r  than 
60%. For l a r g e r  s ,  i n  t h e  above example, t h e  a c t u a l  M 
experience may be only one-half of 0 - 4 ,  
Eqs. (2-2-24, 25) would be q u i t e  complicated to u t i l i z e  
in practice, For this reason, and s i n c e  these equations con- 
s i d e r  on ly  t h e  e f f e c t  o f  a d i f f e r e n c e  i n  y on t h e  boundary 
c o n d i t i o n s ,  such a  r e s u l t  should be regarded a s  on ly  a  very  
g e n e r a l  gu ide  i n  des ign .  From t h e s e  c o n s i d e r a t i o n s ,  it i s  
suggested t h a t ,  i f  i n  t h e  des ign  problem, y I  # y I I ,  one 
should assume, i n  a  conse rva t ive  way, t h a t  t h e  a c t u a l  M 
ob ta ined  be about  o n e - f i f t h  t h e  va lue  c a l c u l a t e d  wi thout  con- 
s i d e r a t i o n  o f  t h i s  e f f e c t  when w i s  n o t  smal l :  
wi th  
2.3 Chamber S t a b i l i t y  and Desiqn C r i t e r i a  
I n  t h i s  s e c t i o n  a r e  p resen ted  t h e  r e s u l t s  o f  c e r t a i n  
ana lyses  t h a t  cons ide r  t h e  e f f e c t  of a  l i n e d  s u r f a c e  on t h e  
s t a b i l i t y  of  a combustion chamber. 
S i r i gnano(* )has  s tud ied  t h e  e f f e c t  of  a  f u l l - l e n g t h  
l i n e r  w i th  uniform l i n e r  admit tance on combust ion chambers 
wi th  r e c t a n g u l a r ,  c i r c u  bar-cyl indr  i c a l ,  and annula r -cy l indr  i- 
c a l  geometries,"  No liner-mean-through fLow was considered 
i n  t h i s  analysis, The r e s u l t  that gives the express ion for 
- 
*This s t u d y  o n l y  considered t h e  explicit dependence of the  
l i n e r  admit tance on t he  stability, a l s o ,  the  conditions of uni- 
form admit tance is s a t i s f i e d  only  i n  s p e c i a l  c a s e s ,  The deve l -  
opments proceeding from E q .  (2-3-21) w i l l  supply some j u s t i f i -  
c a t i o n  f o r  the use  of t h e s e  r e s u l t s  f o r  p a r t i a l - l e n g t h  l i n e r s ,  
the growth eoeffi.crient sf acous t i c  disturbances (a) is given 
b e l o w .  For rec tangular  cham.bers, the reference length i s  
t h e  chamber width (see Figure A - 1 ) .  For e i r c u l a r - c y l i n d r i -  
c a l  and annular-cyl indr  i c a l  chambers, t h e  r e fe rence  length 
is t h e  outer  chamber r a d i u s  (Figure A - 2 ) .  Veloc i ty  i s  non- 
dimensionalized with r e s p e c t  t o  t b e  mean chamber speed of 
sound, and thermodynamic p r o p e r t i e s  with r e spec t  t o  t h e i r  
mean s t a t i c  values.  
where f o r  
(I)  rec tangular  chambers 
$ = chamber height/charnber w i d t h  
(2) c ircular-cylindrical chambers 
(3)  a n n u l a r - c y l i n d r i c a l  chambers 
f = chamber i n n e r  radius/chamber o u t e r  r a d i u s  (2.3-9) 
The q u a n t i t y  L f R  i s  t h e  r e a l  p a r t  o f  t h e  n o z z l e  adrnit- 
t a n c e  f o r  t h e  f u l l - l i n e r  and i s  expressed  by 
where 0 i s  t h e  p e r c e n t  open a r e a  r a t i o  o f  t h e  f u l l y  l i n e d  f  
s u r f a c e  and M ,  a ,  and s w e r e  d e f i n e d  i n  p r e v i o u s  s e c t i o n s  
o f  t h i s  c h a p t e r .  The q u a n t i t y  ( ~ / a "  ) must be  c o n s i d e r e d  a s  
an  average  v a l u e  o v e r  t h e  l i n e d  s u r f a c e .  
"I i s  t h e  r a t i o  o f  
s p e c i f i c  h e a t s  i n  t h e  chamber, TI t h e  nondimensional  a n g u l a r  
f r equency  of  i n s t a b i l i t y ,  v an  i n t e g e r  t h a t  d e s c r i b e s  t h e  
a n g u l a r  dependence o f  t h e  i n s t a b i l i t y  mode ( s e e  Appendix A )  , 
S:71 t h e  e i g e n v a l u e  t h a t  d e s c r i b e s  t h e  i n s t a b i l i t y  mode ( s e e  
- 
Appendix A ) ,  Me t h e  s t eady- f low chamber Mach number a t  t h e  
nozzle e n t r a n c e ,  de the nondimensional  chamber l e n g t h  (assum- 
ing combustion occurs throughout the chamber) , n t h e  inter- 
a c t i o n  index i n c o r p o r a t e d  i n  t h e  Crocco n-T t h e o r y ,  w *  t h e  
dimens iona l  angula r  frequency sf instability, T *  the dimen- 
sional sensitive time lag in the s a m e  Croceo theory, eR the 
r e a l  p a r t  o f  t h e  nondimensional nozz le  admit tance,  k a 
- d r o p l e t  d r ag  c o e f f i c i e n t  ( t o  be d i scussed  s h o r t l y ) ,  p L  t h e  
nondimensional s t e a d y - s t a t e  l i q u i d  concen t r a t i on ,  and non- 
dimensional  l e n g t h  measured along,  t h e  chamber a x i s  from t h e  
* * 
i n j e c t o r .  The number'sm and n  d e s c r i b e  t h e  type  of  mode i n  
t h e  r e c t a n g u l a r  c a s e  and a r e  i n  t u r n  desc r ibed  by Eqs. (A-10 
and 11) . The i n t e g e r  j is  descr ibed  by Eq. (A- 9 o r  2 7 )  . 
S:71 f o r  t h e  f u l l  c y l i n d e r  can be found from Eq. (A-30b), and 
f o r  t h e  annula r  chamber, from Eq. (A-30a) . The func t ion  
F ( $ )  can be  found from Eq. (3.2-11). The c o n s t a n t  A has  t h e  j 
fol lowing d e f i n i t i o n .  
S ince  a l l  a c o u s t i c  q u a n t i t i e s  a r e  p r o p o r t i o n a l  t o  
a t  
e  , any term on t h e  r i g h t  hand s i d e  of  Eq. (2.3-1) t h a t  
is  p o s i t i v e  (nega t ive )  must be i n t e r p r e t e d  a s  l i n e a r l y  des-  
t a b i l i z i n g  ( s t a b i l i z i n g )  . 
The f i r s t  term of t h i s  express ion  r e p r e s e n t s  t h e  damping 
e f f e c t  o f  t h e  l i n e r .  With proper des ign ,  t h i s  term can have 
t h e  dominant s t a b i l i z i n g  e f f e c t .  Note t h a t  t h i s  term becomes 
more dominant when t h e  chamber-mean--flow Mach number (F ) be- 
e 
comes smaller ,  the  l i n e r  l eng th  (fie) becomes l a r g e r ,  t h e  per- 
c e n t  open area ratio ( o f )  becomes Larger,  and when the  l i n e r  
opera tes  in a near-resonant condition -= M then becomes l a rge r .  
Because of the meurrence of c i n  the denominamor, this term 
suggests that acoustic liners are more effective against 
spontaneous i n s t a b i l i t y  t han  a g a i n s t  t r i g g e r e d  i n s t a b i l i t y .  
Also,  i n  t h e  c i r c u l a r - c y l i n d r i c a l  c a s e ,  s i n c e  v/S* -+ 1 a s  
vr\ 
v i n c r e a s e s ,  bu t  f o r  a g iven V ,  S* i n c r e a s e s  a s  q i n c r e a s e s ,  
vr\ 
t h e  h ighe r  t h e  t a n g e n t i a l  mode number v and t h e  lower t h e  
r a d i a l  mode number q ( f o r  a f i x e d  v ) ,  t h e  more e f f e c t i v e  t h e  
l i n e r  w i l l  be .  Thus b a f f l e s  may be used f o r  t h e  modes f o r  
which l i n e r  e f f e c t i v e n e s s  i s  l e s s  ( i n  c a s e s  where t h e  room 
f o r  a l i n e r  i s  r e s t r i c t e d ) .  
For l o n g i t u d i n a l  modes of  o s c i l l a t i o n s ,  w" = jn/xe, and 
t h e  second and l a s t  two terms combine t o  y i e l d  t h e  nega t ive  
( s t a b i l i z i n g )  q u a n t i t y  
This impl ies  t h a t  d i s t r i b u t i o n  of  combustion t ends  t o  s t a b i l -  
i z e  t h e  l o n g i t u d i n a l  modes. For p u r e l y  t r a n s v e r s e  modes, 
j  = 0,  and t h e s e  terms a r e  simply - ( y I  + 1) Ee/2nce which i s  
a s t a b i l i z i n g  q u a n t i t y  due t o  t h e  mean nozzle  flow and i s  
independent of  t h e  combustion d i s t r i b u t i o n .  I n  gene ra l ,  t h e s e  
terms a r e  most important  a s  s t a b i l i z i n g  q u a n t i t i e s ;  u s u a l l y ,  
on ly  t h e  a c o u s t i c  l i n e r  term i s  more important .  
The t h i r d  term r e p r e s e n t s  t h e  d r i v i n g  mechanism provided 
by t h e  combustion process  (according t o  t he  s e n s i t i v e  t ime l a g  
theory) , Calculations that will aid the designer in evaluating 
n and T *  car1 be fowrzd irr R e f ,  (9) 
The fourth term contains the r e a l  p a r t  of the n o z z l e  
admittance coefficient, Often, it is positive for first 
t a n g e n t i a l  mode o s c i l l a t i o n s ,  indica t ing  t h a t  t h e  nozzle 
has  a  d e s t a b i l i z i n g  e f f e c t  fo r  t h a t  mode. Calcula t ions  
ind ica te  t h a t  e r 4  can be of order u n i t y  i n  c e r t a i n  cases .  
In  these  cases ,  t h e  e f f e c t  of t h e  nozzle w i l l  be important 
compared t o  t h e  o the r  e f f e c t s  present .  I n  o the r  cases ,  
c a l c u l a t i o n s  show t h a t  t h i s  term i s  neg l ig ib le  compared t o  
u n i t y  and has ,  t h e r e f o r e ,  neg l ig ib le  e f f e c t s  upon i n s t a b i l i t y  
(except perhaps i n  marginal cases  where a is very smal l ) .  
One cannot neglec t  t h e  s i g n i f i c a n t  changes i n  t h e  s t a b i l i t y  
c h a r a c t e r i s t i c s  of  an engine t h a t  can be achieved through 
modif icat ion of t h e  nozzle design. 
The f i f t h  term descr ibes  t h e  damping e f f e c t  due t o  drop- 
l e t  drag. The drag parameter k i s  defined by 
A A 
where UL i s  t h e  l i q u i d  v e l o c i t y ,  and UI t h e  gas  v e l o c i t y  
in  the  chamber. An es t imate  of k can be made by considering 
t h e  drag of a s p h e r i c a l  body, which gi.ves 
n = 3 , ~  ~~/44 'd ;  (2.3-14) 
where C d  i s  t h e  drag c o e f f i c i e n t ,  dL i s  t h e  sphere diameter,  
5 ,  i s  t h e  dens i ty  of t h e  l i q u i d ,  p is  the  gas v i s c o s i t y ,  and 
Re is the Reynolds number based upon the gas properties and 
the relative velocity, For purely transverse modes, j = 0, 
and the damping added by d rop le t  drag becomes 
On t h e  o t h e r  hand, f o r  p u r e l y  l o n g i t u d i n a l  o r  mixed longi -  
t u d i n a l - t r a n s v e r s e  modes, w i th  t h e  combustion concent ra ted  
nea r  t h e  i n j e c t o r  f a c e ,  t h e  damping w i l l  become e x a c t l y  
tw ice  t h e  above va lue .  Ax ia l  spread ing  o f  t h e  combustion 
zone t ends  t o  reduce t h e  damping; however, t h i s  spreading 
may no t  be u n d e s i r a b l e  s i n c e  t h e  t h i r d  term shows t h a t  such 
spread ing  a l s o  dec reases  t h e  combustion response.  
I t  i s  c l e a r  t h a t  t h e  minimum amount o f  l i n e r  damping 
necessary  i s  such t h a t  t h e  r ight-hand-s ide  o f  E q .  (2.3-1) 
be s l i g h t l y  nega t ive .  
- 
S p e c i a l i z i n g  t o  a S p e c i a l  C la s s  of k (x) , U, (x)  , and (x)  
The i n t e g r a l s  appear ing i n  E q .  (2.3-1) can be determined 
i f  t h e  des igner  knows t h e  s t e a d y - s t a t e  a x i a l  v a r i a t i o n  of 
- 
- 
UI (x) , p L  (x)  , and k ( x )  . For purposes of conc re t enes s ,  we 
make t h e  fol lowing assumptions concerning t h e s e  func t ions .  
H e r e ,  s u b s c r i p t  I denotes  cond i t i ons  a t  t h e  i n j e c t o r  , and 
s u b s c r i p t  e  denotes  cond i t i ons  a t  t h e  nozz le  en t r ance ,  The 
constants K i  should be known for a particular application, 
Generally speaking, K1 should be around 1 or 2 (lo) * I f  
t h e r e  i s  nothing known by t h e  des igner  about X2, t hen  choosing 
X 2  = J i  i s  probably no t  t o o  bad i n  view of  t h e  u n c e r t a i n t i e s  1 
a l r e a d y  p re sen t  i n  k.  The q u a n t i t y  %I i s  t h e  s t e a d y - s t a t e  
mass averaged l i q u i d  p r o p e l l a n t  i n j e c t i o n  v e l o c i t y  d iv ided  by 
t h e  average chamber speed o f  sound. 
With t h e s e  assumed f u n c t i o n a l  forms, t h e  c o n d i t i o n  f o r  
minimum l i n e r  damping becomes 
The above express ion  f o r  minimum l i n e r  damping was 
based upon an a n a l y s i s  t h a t  assumed t h a t  t h e  e n t i r e  l eng th  
of t h e  chamber was l i n e d  and t h a t  t h e  l i n e r  admit tance was 
uniform. Only i n  r a r e  c a s e s  would it be necessary  t o  in -  
s t a l l  a  f u l l  l i n e r ,  and even then ,  t h e  l i n e r  admit tance 
might no t  be uniform. I t  i s  t h u s  necessary  t o  unders tand 
e f f e c t s  t h a t  a r e  l o c a l  t o  t h e  l i n e d  s u r f a c e .  With t h i s  i n  
mind, we t u r n  t o  t h e  approach of  C a n t r e l l  and Har t  (11) 
I n  Appendix C ,  a  c r i t e r i o n  f o r  t h e  maximum damping p o s s i b l e ,  
a t  each p o i n t  of t h e  l i n e d  s u r f a c e ,  i s  ob ta ined ,  based upon 
a  method developed i n  Ref. (11). The r e s u l t  ob ta ined  is  
t h e  fol lowing 
A l l  of  t h e  q u a n t i t i e s  w i t h i n  t h i s  s u r f a c e  i n t e g r a l ,  except  
f o r  E a r e  l o c a l  va lues .  A l l  q u a n t i t i e s  have been de f ined  
i n  p rev ious  s e c t i o n s  of t h i s  chap te r  ( see  a l s o  t h e  t a b l e  of 
nomenclature)  , The maximum va lue  of  t h i s  i n t e g r a l  must be 
positive for stability, 
Clearly, the surface integral will be maximized when 
the Pntegrand is maximized at every p o i n t  on the surface, 
This, however, is not the proper approach to be taken here, 
We are interested here in how to u t i l i z e  a liner most 
efficiently, i . e . ,  how to construct a liner that will pro- 
duce maximum damping. More spec i f  i c a l l y ,  the  quest ion be- 
comes: What i s  t h e  optimim l i n e r  geometry and the  optimum 
l i n e r  placement? The answer t o  t h i s  quest ion l i e s  in  f ind-  
ing the  s p e c i f i c  l i n e r  geometry apd t h e  s p e c i f i c  loca t ion  
i n  which t h e  above integrand i s  maximized. The problem then 
becomes 
and t h e  maximization ( f o r  p o s i t i v e  values only) i s  t o  be 
achieved by f inding  t h e  proper pos i t ion  in  t h e  chamber and 
t h e  proper l i n e r  geometry. 
In  de r iv ing  t h e  l a s t  expression,  a l l  of t h e  q u a n t i t i e s  
involved a r e  considered t o  be of order  u n i t y  o r  l e s s .  We 
now look i n t o  more d e t a i l  a s  t o  the  proper ordering.  For 
any given p o s i t i o n  in  t h e  chamber, we know from t h e  r e s u l t s  
of Sec. ( 2  - 2 )  t h a t  f o r  some l i n e r  geometries, both M and N 
w i l l  be of order  u n i t y ,  and these  a r e  t h e  l a r g e s t  magnitudes 
t h a t  they can ob ta in .  For v a l i d i t y  of t h e  ana lys i s  presented 
- 
i n  Sec. ( 2 . 2 ) ,  u  must be of order  u n i t y  o r  l e s s .  In  p r a c t i c e ,  
aa << 1. In  order  t o  consider t h e  r e l a t i v e  magnitudes of a, 
- 
UI, e ,  and g ,  we separa te ly  consider  f i r s t  two cases  t h a t  
o f t en  occur i n  p r a c t i c e ;  namely, standing t a n g e n t i a l  and 
spinning tangential w a v e s ,  
We first consider standing waves, In t h i s  case, we 
have in nandimensional form 
~2~ = 
gzgos,a cos = a A ~ l ~ o s i & t  
where a  prime denotes  o s c i l l a t o r y  component, s u b s c r i p t  " i n "  
denotes  i n  phase component, s u b s c r i p t  "ou t"  denotes  o u t  of  
- 
phase component, MI is t h e  chamber mean flow Mach number 
(which i s  of t h e  o rde r  of t h e  maximum pres su re  o s c i l l a t i o n  
( c 2  ) I 1  and A- is d i s t a n c e  from t h e  p o i n t  where t h e  p r e s s u r e  
o s c i l l a t i o n s  a r e  l a r g e s t .  The c o n s t a n t  B i s  o f  o rde r  u n i t y ,  
We t h u s  o b t a i n  
Expression (2.3-21) then becomes 
M ]  + ~ [ E ~ B S ~ ~ A N ]  + 0 [ s 'R ' ]  1 
- m a x i m a m  
A s  A i s  v a r i e d  i n  t h i s  expression, on ly  t h e  f i r s t  t w o  terms 
change; the f i r s t  of these becomes smaller ,  and the second 
becomes Larger, S ince  c -2< 1, the o p t i m u m  value of A% i s  
ve ry  near ze ro ,  F u r t h e m o r e ,  s i n c e  02 << l., the  optimum 
geometry i s  such t h a t  M i s  maximized, The e a % c u l a t i o n s  pre-  
sen ted  i n  See. ( 2 . 2 )  show t h a t ,  when t h e  l i n e r  i s  placed nea r  
a  p re s su re  an t inode  ( v e l o c i t y  e f f e c t s  a r e  then  s m a l l ) ,  t h e  
q u a n t i t y  M becomes maximum when t h e  l i n e r  geometry is  t h e  
resonant  geometry. 
For pu re ly  sp inn ing  (o r  t r a v e l l i n g )  waves, any given 
p o s i t i o n  i n  t h e  chamber w i l l  exper ience  bo th  maximum pres su re  
and v e l o c i t y  o s c i l l a t i o n s .  The o rde r ing  now becomes 
Expression (2.3-21) t hen  becomes 
So t h a t ,  i d e a l l y  speaking,  l i n e r  placement i s  inconsequen t i a l ,  
and M should be maximized. Ca lcu l a t i ons  of  See,  ( 2  - 2 )  again  
show t h a t  f o r  t h i s  o rde r ing ,  M w i l l  be maximized when t h e  
l i n e r  geometry is  t h e  r e sonan t  geometry, 
The above conc lus ions  concerning l i n e r  placement can be 
s t a t e d  more simply perhaps i n  words, I t  i s  known t h a t ,  i n  a 
combusti-on chamber, the  maximu.m pressure sscr iP la t ions  are  
o f  the  same o rde r  of  magnitude as  t h e  m a x i m u m  v e l o c i t y  o s c i l -  
l a t i o n s .  For s t and ing  modes, both  maxima appear  a t  d i f f e r -  
e n t  p o s i t i o n s ,  whereas f o r  spinning modes, any p o s i t i o n  
exper iences  bo th  maxima. The q u a n t i t i e s  GI, e ,  and g  were 
def ined  i n  such a  way t h a t  t h e  chamber v e l o c i t y  would have 
t o  be an o rde r  o f  magnitude l a r g e r  t han  t h e  o s c i l l a t o r y  
p re s su re  i n  o r d e r  f o r  t h e s e  q u a n t i t i e s  t o  be  of  o r d e r  u n i t y ;  
fur thermore,  on ly  a  product  of t h e s e  terms appears  i n  Ex- 
p re s s ion  (2.3-21).  Thus, t h e  e f f e c t  of a  chamber v e l o c i t y  
must be smal l  compared t o  t h a t  of t h e  p r e s s u r e ,  and t h e r e  i s  
no b e n e f i t  ob ta ined  i n  moving away from a  reg ion  of maximum 
p r e s s u r e  o s c i l l a t i o n  towards t h a t  of  a  maximum v e l o c i t y  
o s c i l l a t i o n  (o r  even maximum chamber mean flow v e l o c i t y )  . 
Reasoning i n  t h i s  way, we would expect  t h a t ,  i n  a c t u a l  com- 
b u s t o r s ,  no m a t t e r  where an o s c i l l a t o r y  p r e s s u r e  maximum 
occurs ,  t h i s  i s  where t h e  l i n e r  should be placed.  This  con- 
c l u s i o n  i s  impor tan t  s i n c e  it is  observed t h a t  a x i a l  v a r i a t i o n s  
i n  "maximum" p r e s s u r e  ampli tude occur:  t h e  l a r g e s t  ob ta ined  
being near  t h e  i n j e c t o r .  
We no te  t h a t  t h e  above conc lus ions  were ob ta ined  inde- 
pendent of  t h e  ang le  ( see  Sec. ( 2 . 1 )  . Thus, t h e  above 
r e s u l t s  axe in tended  f o r  any mode i n  r e c t a n g u l a r ,  c i r c u l a r -  
c y l i n d r i c a l ,  a n n u l a r - c y l i n d r i c a l ,  and c o n i c a l  chambers. 
The main conc lus ion  of t h i s  s e c t i o n  i s  the fol lowing,  
For a l l  cases of prac t i ca l  csncerri,  khe m a s " c f f i c - i e n t  
ope ra t ion  of  a l i n e r  can be achieved by c o n s t r u c t i n g  the 
Liner such t h a t  i t s  geometry i s  t h e  resonant  geometry, and 
t h a t  i t s  placement i s  i n  t h e  r eg ion  where t h e  o s c i b l a t o r y  
p re s su re  ampli tudes  a r e  t h e  l a r g e s t .  
The above sugges t ion  f o r  optimum performance can be 
c a r r i e d  ou t  on ly  when t h e r e  i s  s u f f i c i e n t  freedom i n  t h e  
v a r i a b l e s  of l i n e r  geometry and l i n e r  placement. I n  some 
c a s e s ,  one o r  bo th  o f  t h e s e  v a r i a b l e s  w i l l  be conf ined  t o  
c e r t a i n  l i m i t s .  I f  t h e  l i n e r  p o s i t i o n  i s  r e s t r i c t e d ,  and 
t h e  l i n e r  connot be placed i n  a  reg ion  where t h e  o s c i l l a t o r y  
p re s su re  ampli tudes  a r e  maximum, one must n o t  conclude t h a t  
t h e  optimum geometry i s  t h e  r e sonan t  geometry. Also,  i f  t h e  
l i n e r  geometry i s  r e s t r i c t e d ,  one should no t  conclude t h a t  
t h e  optimum placement i s  s t i l l  a s  above. The most g e n e r a l  
approach t o  be taken i s  t h a t  Expression (2.3-21) be  s a t i s -  
f i e d ,  whether o r  no t  c o n s t r a i n t s  a r e  imposed on t h e  des ign .  
Chapter  3  c o n s i d e r s  t h e  c a s e  where no e s s e n t i a l  c o n s t r a i n t s  
a r e  imposed, and Chapter  4 c o n s i d e r s  s p e c i a l  problems where 
c o n s t r a i n t s  do e x i s t .  
The main ideas  under ly ing  any des ign  procedure have 
been presen ted  i n  t h e  prev ious  s e c t i o n s .  There a r e ,  how- 
e v e r ,  a  few comments t h a t  need t o  be made. 
I n  Sec t ion  ( 2 . 3 )  a c r i t e r i o n  was presen ted  t h a t  i s  t o  
g ive  a measure of the  minimum amount s f  l i n e r  damping neces- 
sa ry  f o r  chamber s t a b i l i t y ,  This c r i t e r i o n  was based on an 
a n a l y s i s  that cons idered  a full liner with uniform adrnittanee 
i n  which t h e r e  i s  no liner-mean-through flow, S ince ,  i n  
p r a c t i c a l  a p p l i c a t i o n s ,  it w i l l  u s u a l l y  no t  be necessary  t o  
f u l l y  l i n e  t h e  chamber, we r e p r e s e n t  t h e  pe rcen t  open a r e a  
r a t i o  o f  t h e  f u l l  l i n e r  (o f )  by t h e  fol lowing 
where f L  i s  t h e  r a t i o  of  t h e  l i ned - su r f ace  a r e a  d iv ided  by 
t h e  chamber-wall a r ea .  The l a t t e r  a r e a  i s  t h e  a r e a  occupied 
by t h e  f u l l  l eng th  l i n e r  i n  t h e  a n a l y s i s .  The q u a n t i t y  o i s  
t h e  pe rcen t  open a r e a  r a t i o  o f  t h e  a c t u a l  l i n e r .  
From Expression (2 .3 -2 l ) ,  it was found t h a t ,  when o p t i -  
miza t ion  i s  d e s i r e d ,  a  mean flow through t h e  l i n e r  does  n o t  
have an e x p l i c i t l y  s i g n i f i c a n t  r e s u l t  on damping s i n c e ,  i n  
v i r t u a l l y  a l l  c a s e s ,  @ <e 1. Thus, even though t h e  minimum 
damping c r i t e r i o n  (2.3-19) does  no t  cons ider  such a  mean flow, 
t h i s  exp res s  ion should be v a l i d  i n  op t imiza t ion  problems 
where u # 0 ,  a s  long a s  t h e  i m p l i c i t  dependence of u on M is  
cons idered .  
From t h e  r e s u l t s  concluded from Expression (2.3-21) , t h e  
des igne r  possesses  a  g u i d e l i n e  a s  t o  t h e  c o n d i t i o n s  under 
which p a r t i a l - l e n g t h  l i n e r  damping i s  maximized. I f  t h i s  
g u i d e l i n e  i s  c a r r i e d  o u t ,  t h e  p a r t i a l - l e n g t h  l i n e r  w i l l  have 
l o c a l l y  uniform admit tance wi th  pe rcen t  open a r e a  r a t i o  0 .  
Then from the  c r i t e r i o n  of S i r ignano  (Sec, 2 , 3 ) ,  w r i t i n g  
<lf = f L  0" a measure as t o  the  e f f e c t i v e n e s s  of the optimum 
p a r t i a l - l e n g t h  l i n e r  an s t a b i l i t y  can be eva lua t ed ,  Thus, 
a procedure for optimum design becomes evident, and this 
is p r e s e n t e d  i n  C h a p t e r  3 ,  
I n  some c a s e s ,  an optimum des ign  cannot  be achieved.  
I n  t h e s e  c a s e s ,  an e f f e c t i v e  l i n e r  can s t i l l  (u sua l ly )  be 
c o n s t r u c t e d ,  and i t s  e f f e c t i v e n e s s  determined from t h e  
methods of  Sec. (2 .3 )  . These l a t t e r  c a s e s  a r e  u s u a l l y  more 
d i f f i c u l t  t o  handle ,  and techniques  f o r  t h e  s o l u t i o n  of  a  
few most common of t h e s e  problems a r e  p resen ted  i n  Chapter  4. 
The optimum des ign  procedure w i l l  r e q u i r e  t h a t  t h e  l i n e r  
o p e r a t e  i n  resonance.  This  means t h a t  t h e  l i n e r  c o n f i g u r a t i o n  
should n o t  change t h e  frequency of  t h e  i n s t a b i l i t y  mode. How- 
e v e r ,  f o r  o f f - resonant  des igns  ( t o  be d i scussed  i n  Chapter  4 ) ,  
such a mod i f i ca t ion  must be considered.  
The procedure  suggested i n  t h i s  chap te r  is  intended t o  
provide a  method f o r  t h e  s e l e c t i o n  o f  a  l i n e r  t h a t  w i l l  supply 
a  s u f f i c i e n t  amount of damping i n  such a  way t h a t  t h e  t o t a l  
su r f ace  a r e a  occupied by t h e  l i n e r  i s  minimized. This  pro- 
cedure  c o n s i s t s  of  s t a r t i n g  wi th  c e r t a i n  known chamber param- 
e t e r s  (chamber geometry, type  of  i n s t a b i l i t y  mode, e t c . )  and 
then  determining requirements  f o r  t h e  l i n e r  geometry and l i n e r  
placement. More s p e c i f i c a l l y ,  t h e  procedure i s  t o  s a t i s f y  
t h r e e  c o n d i t i o n s  s imul taneously .  The f i r s t  of t h e s e  is  a  re- 
quirement p laced  on t h e  l i n e r  geometry i n  such a  way t o  a s s u r e  
t h a t  t h e  l i n e r  o p e r a t e s  i n  a  r e sonan t  cond i t i on .  The second i s  
a  requirement on t h e  hole-area  and t o t a l  l i n e d  su r f ace  a r e a  i n  
such a  way t o  i n s u r e  t h a t  t h e  l i n e r  p rov ides  s u f f i c i e n t  damping. 
The t h i r d  is  a  requirement on l i n e r  p o s i t i o n  i n  t h e  chamber. 
From Sec. ( 2 . 2 ) ,  it can be shown t h a t  t h e  %-wave geometry 
(L/X = 1/4, V = 0 )  c o n t a i n s  t h e  minimum volume f o r  resonance.  
This  u s u a l l y  means t h a t  t h e  l i n e d  s u r f a c e  a r e a  i s  minimized f o r  
t h i s  geometry. Even so ,  because o f  o t h e r  p r a c t i c a l  c o n s i d e r a t i o n s ,  
we mainta in  g e n e r a l i t y  h e r e  by a l lowing Helmholtz r e s o n a t o r s  
(V # 0 )  a s  well, 
In c e r t a i n  s p e c i a l  c a s e s ,  t h e  t h r e e  c o n d i t i o n s  p re sen t  
cannot  be satisfied simultaneously, Perhaps the most fre- 
quently occurring of such cases is when the  des ign  s u f f e r s  
volume-ljmitations;  i-e, , there i s  n o t  s u f f i c i e n t  room i n  
the chamber t o  provide enough backing volume a s  suggested 
i n  t h e  procedure. In  t h e s e  l a t t e r  cases ,  a l i n e r  design 
may s t i l l  be found t h a t  u t i l i z e s  t h e  backing volume a v a i l -  
ab le  and s t i l l  provides a  s u f f i c i e n t  amount of damping. 
Such problems a s  these  a r e  considered i n  Chapter 4 .  
The ou t l ined  design procedure app l i e s  t o  any i n s t a b i l i t y  
mode in  any rec tangu la r ,  c  i r cu la r -cy l indr  i c a l ,  annular-cylin- 
d r i c a l ,  and s l i g h t l y  con ica l  (cone half-angle  l e s s  than about 
6' ) combustion chambers. Other con ica l  chambers can be handled 
by t h i s  method, but  in  a  more approximate manner. There a r e  
no r e s t r i c t i o n s  a s  t o  t h e  type of l i q u i d  p rope l l an t s ,  and t o  
t h e  p a r t i c u l a r  s teady-s ta te  operat ing c h a r a c t e r i s t i c s .  
3 .1  Desiqn Variables  
The design v a r i a b l e s  a r e  t h e  following: fL ,  L, A ,  V,  
0 ,  and l i n e r  pos i t ion .  f L  i s  t h e  r a t i o  of t h e  t o t a l  l i n e d  
su r face  area (AL) t o  t h e  chamber wal l  a rea  (Aw);  f L  = A ~ / A ~ .  
For rec tangular  chambers, t h e  chamber wa l l  a rea  i s  defined 
a s  follows: 
A, 2 ( w + A*) X' 
where w i s  the  chamber width,  6 t h e  chamber he igh t ,  and X* 
i s  t h e  length along the, chamber a x i s  in  which combustion 
occurs ,  The nozzle admittance condi t ion should be appl ied 
a t  t h e  end of t h i s  length ,  This length can usrla.lly be taken a s  
t h e  actual chamber Length, i,e,, the distance f r o m  the injector 
t o  w h e r e  the  nozzle contraction occurs, For circular- 
c y l i n d r i c a l  and annular -cyl indr ica l  chambers, the  wa l l  a rea  
i s  d e f i n e d  as follows: 
where r i s  t h e  r ad ius  of t h e  ou te r  wa l l  and X*is defined 
0 
a s  above. For con ica l  chambers, 
where X* i s  a s  def ined above, rC is  the  r ad ius  a t  t h e  in -  
I 
j e c t o r ,  and r* i s  t h e  r ad ius  a t  t h e  a x i a l  d i s t a n c e  X* from 
X 
t h e  i n j e c t o r .  These d e f i n i t i o n s  fo r  Aw and f L  a r e  inde- 
pendent of t h e  p o s i t i o n  of t h e  a c t u a l  l i n e r .  L i s  t h e  length 
of t h e  l i n e r  o r i f i c e s  ( l i n e r  th ickness ) .  In  cases  of a  par- 
t i t i o n e d  backing-volume, V i s  the  volume of a  pa r t i t ioned  
sec t ion  and A i s  t h e  t o t a l  o r i f i c e  c ross - sec t iona l  a rea  
associa ted  with t h a t  sec t ion .  For non-parti t ioned backing- 
volumes, where t h e  o r i f i c e s  a r e  evenly spaced on a  l o c a l  
s c a l e ,  A i s  t h e  c ross - sec t iona l  a rea  of a  s i n g l e  o r i f i c e ,  
and V i s  the  t o t a l  backing-volume, in  t h a t  l o c a l  region,  
divided by t h e  t o t a l  number of o r i f i c e s  in  t h a t  l o c a l  region.  
Any c ross - sec t iona l  geometry i s  allowable f o r  t h e  o r i f i c e  
ho les ,  although t h e  c ross - sec t iona l  a rea  should be cons tant  
with d i s t ances  along t h e  o r i f i c e  a x i s .  On a  l o c a l  s c a l e ,  o 
i s  the  f r a c t i o n  of t h e  t o t a l  o r i f i c e  hole a rea  t o  t h e  t o t a l  
l i n e r  sur face  a rea .  The dimensions of t h e  volume V must be 
small  compared t o  t h e  wavelength of o s c i l l a t i o n .  
T h e  procedure in t h i s  s ec t ion  i s  i n t e n d e d  for those 
cases  i n  which the  liner-mean-through flow v e l o c i t y  i s  zero,  
o r  sufficiently s m a l l ,  See Section (3.31 for s u g g e s t i o n s  as 
to what i s  meant by s u f f i c i e n t l y  s m a l l .  The only d i f f e r e n c e  
between the  procedure of  t h i s  sec t ion  and t h a t  of  Sec t ion  
(3.3) i s  i n  t h e  mechanics of c e r t a i n  c a l c u l a t i o n s .  The 
minimal amount of information necessary f o r  t h i s  sec t ion  i s  
the  following : 
1. chamber geometry 
2 .  type of i n s t a b i l i t y  mode 
a .  t h e  in tege r  j t h a t  desc r ibes  t h e  long i tud ina l  
cha rac te r  o f -  t h e  mode (see Appendix A )  
b. f o r  c i r c u l a r - c y l i n d r i c a l  and annular c y l i n d r i -  
c a l  chambers, t h e  in tege r  v t h a t  descr ibes  the  
t a n g e n t i a l  cha rac te r  of t h e  mode, t h e  in tege r  
q t h a t  descr ibes  t h e  r a d i a l  cha rac te r  of t h e  
mode, and t h e  corresponding eigenvalue S* 
( see  Appendix A )  V r l  
c .  f o r  rec tangular  chambers, the  numbers n* and 
m* t h a t  descr ibe  t h e  t r ansverse  cha rac te r  of 
t h e  mode (see Appendix A )  
3. t h e  pos i t ion  i n  t h e  chamber where t h e  maximum un- 
s t a b l e  pressure  o s c i l l a t i o n s  occur 
4. t h e  chamber s teady-s ta te  speed of sound SI 
5. t h e  r a t i o  of s p e c i f i c  h e a t s  i n  t h e  chamber y I  
6 ,  t h e  s teady-s ta te  Mach number of t h e  flow a t  t h e  
nozzle entrance Me 
7 .  f o r  designs t h a t  r e s u l t  i n  shor t  o r i f i c e s ;  namely, 
those fo r  which t h e  o r i f i c e  length t o  wavelength 
r a t i o  i s  l e s s  than about 0.1, t h e  c o e f f i c i e n t  of 
discharge f o r  t h e  o r i f i c e s  CD 
8. whether o r  not t h e  molecular weight, t he  r a t i o  of 
s p e c i f i c  h e a t s ,  or  t h e  mean temperature i n  the  
backing-volume w i l l  d i f f e r  from t h e  corresponding 
value i n  t h e  chamber i n  t h e  v i c i n i t y  of where t h e  
l i n e r  i s  placed (which i s  a t  t h a t  pos i t ion  known 
from Item ( 3 )  ) 
'flie above inforrna"cion is u s u a l l y  ava i l ab le  to "cie de- 
s igner ,  and  i s  s u f f i c i e n t  fo r  a c a l c u l a t i o n  t h a t  w i l l  provide 
for a fairly accurate design, For more accurate ca%eu$ations, 
the following a d d i t i o n a l  information i s  necessary  : 
9. exponent K t h a t  d e s c r i b e s  t h e  s t e a d y - s t a t e  Mach 1 
number v a r l a t i o n s ,  and t h e  exponent X q  t h a t  d e s c r i b e s  
t h e  s t e a d y - s t a t e  l i q u i d  concen t r a t i on  a long  t h e  
chamber a x i s .  ( s e e  Eqs , (2.2-16,17) 
10. t h e  chamber i n t e r a c t i o n  index n  and t h e  s e n s i t i v e  
t ime l a g  T *  ( s ec - l )  incorpora ted  i n  t h e  s e n s i t i v e  
t i m e  l a g  t heo ry  of Crocco, o r  t h e i r  equ iva l en t  
11. t h e  r e a l  p a r t  of t h e  nozz l e  admit tance eR (non- 
dimensional  
1 2 .  an average d r o p l e t  d r a g  parameter k (non-dimen- 
s i o n a l )  
13. t h e  mass-averaged l i q u i d  i n j e c t i o n  v e l o c i t y  
(nondimens i o n a l )  . LI 
Since  t h e  s t e a d y - s t a t e  v a l u e s  of  t h e  chamber speed o f  
sound S and t h e  r a t i o  of s p e c i f i c  h e a t s  y I  vary a long  t h e  I ' 
chamber a x i s ,  t h e  fol lowing d i s c u s s i o n s  w i l l  c o n t a i n  t h e s e  
q u a n t i t i e s  w i th  e i t h e r  o f  two s u b s c r i p t s ,  a and &.  sub-- 
s c r i p t  a w i l l  denote  a  va lue  averaged over t h e  chamber volume, 
and s u b s c r i p t  .P, w i l l  denote  a  va lue  i n  t h e  reg ion  where t h e  
l i n e r  i s  placed.  
The q u a n t i t i e s  j ,  V ,  q, S* , m* and n* a r e  d i scus sed  
vrl 
i n  Appendix A ,  and Tables (A. 1, 2 )  should prove t o  be use- 
f u l  on t h i s  score .  
The i n s t a b i l i t y  frequency f can  be measured i n  f i r i n g s  
of t h e  tes t  hardware and/or ea lcuPated  from t h e  knowledge o f  
f terns (1) and. (2) , For rectangular chambers# t h i s  calculation 
becomes* 
* 
For a more a c c u r a t e  c a l c u l a t i o n  of t h i s  frequency,  s e e  
Eqs. ( A - 4 0 ,  4 1 ) -  
where w i s  t h e  chamber width ,  and & i s  t h e  a c t u a l  chamber 
e  
l eng th  p l u s  two- th i rds  t h e  nozzle  c o n t r a c t i o n  l eng th  a l l  
d iv ided  by w. I n  t h i s  equa t ion  and i n  what fo l lows ,  any o f  
t h e  two t r a n s v e r s e  dimensions can be cons idered  t h e  chamber 
width ,  a l though cons i s t ency  must be  mainta ined.  I n  gene ra l ,  
m* and n* w i l l  depend upon t h i s  cho ice .  For c i r c u l a r - c y l i n -  
d r  i c a l  and a n n u l a r - c y l i n d r i c a l  geometr ies ,  t h e  c a l c u l a t i o n  
is * 
where r i s  t h e  o u t e r  chamber r a d i u s .  The o s c i l l a t o r y  wave- 
0 
leng th  X can then  be found from 
I n  t h i s  s e c t i o n ,  we have reserved  comments on con ica l  
chambers u n t i l  now. For such geometr ies ,  it i s  suggested 
t h a t  t hey  be  t r e a t e d  a s  c i r c u l a r - c y l i n d r i c a l  geometr ies  wi th  
r a d i u s  r = (rI + r ) / 2 ,  where bo th  rI  and rx have been de- 
0 X 
f i n e d  i n  t h e  prev ious  s e c t i o n .  I f  t h e  cone ha l f - ang le  i s  
l e s s  than about  6', such a  t rea tment  should y i e l d  r e s u l t s  
wi th  accuracy c o n s i s t e n t  wi th  o the r  a s p e c t s  of t h e  problem. 
For l a r g e r  cone h a l f  ang le s ,  it would be d e s i r a b l e  t h a t  t h e  
e igenvalue S* be c a l c u l a t e d  from E q ,  ( 3 - 2 - 2 )  , where f i s  
'Jiil 
known f r o m  test f i r i n g s ,  The q u a n t i t y  fie Will then be the 
combustion l eng th  X* p l u s  two t h i r d s  any remaining length 
di 
F o r  a  more accu ra t e  c a l c u l a t i o n  of t h i s  frequency,  s ee  
E q s ,  ( A - 4 0 ,  4 1 ) .  
to the minimum area ( t h r o a t ) ,  a l l  d iv ided  by the above ro. 
The Mach number should then be that value at station X. 
The numbers j ,v  and q w i l l  always have t h e  same meaning a s  
i n  the  c i r c u l a r - c y l i n d r i c a l  case .  
The cons tan t s  X1 and Y 2  a r e  def ined in  Eqs. (2.2-16, 1 7 )  . 
Generally speaking, f o r  hydrocarbon combustors, N1, should be  
i n  t h e  range 1.0 - 2.0 (lo) . A s  a l ready mentioned i n  Sec . ( 2 . 2 )  , 
one. might choose X 2  = One should consul t  Ref. (9) f o r  the  
c a l c u l a t i o n  of n  and T*.  Typical values f o r  t h e  r e a l  p a r t  of 
t h e  nozzle admittance eR and t h e  d r o p l e t  drag parameter k a r e  
discussed in  Sec. ( 2 . 2 )  . 
The design procedure c o n s i s t s  of s a t i s f y i n g  t h e  follow- 
ing t h r e e  condi t ions  simultaneously: 
1-1) choose any value of A ,  L,  and V such t h a t *  
1-2) choose any value of L, fL,and 0 such t h a t  
a . )  f o r  rec tangular  chambers 
where .f = chamber height/chamber width 
b. ) f o r  c  i r c u l a r - c y l i n d r i c a l  chambers 
* 
The dimensions of the c a v i t y  V (for Helmholtz resonators) 
must be small compared to the wavelength in orde r  t h a t  the 
theory be applicable, 
c , ) for annu la r -cy  I i n d r i c a I  chambers 
where 
5 = chamber i nne r  radius/chamber o u t e r  r a d i u s  (3.2-9) 
I n  t h e  above exp res s ions  
and 
d B* = - ---&(k)l dl-- 15 S ~ C  
where J and Yv a r e  t h e  s t anda rd i zed  Besse l  f u n c t i o n s .  The 
v 
c o e f f i c i e n t s  C1 and C 2  a r e  de f ined  a s  fol lows.  I f  t h e  mean 
temperature  and/or t h e  molecular  weight i n  t h e  backing volume 
d i f f e r s  from t h a t  i n  t h e  l o c a l  chamber environment, t a k e  
c1 = 0.65, o therwise ,  t a k e  C1 = 1.0. If L/A < about 0.1, 
t a k e  C 2  = 1.0,  o therwise  choose C from Fig.  3 .1  below. 2 
The q u a n t i t y  G i s  def ined  a s  fol lows:  
For r e c t a n g u l a r  chambers, X i s  t h e  r a t i o  of  t h e  q u a n t i t y  
X* de f ined  i n  t h e  prev ious  s e c t i o n  t o  chamber width  ( w ) ,  and 
6 = w *  w / z  . For c i r c u l a r - c y l i n d r i c a l  and annula r -cy l indr i -  I a  
c a l  chambers, X i s  t h e  r a t i o  of  X* t o  t h e  chamber o u t s i d e  rad-  
i u s  (r ) ,  and 6 = W *  
0 ro/Fla. For des igns  wi th  t h e  s h o r t e r  
o r i f i c e  l eng ths  (L/A < 0.1) , CD should assume t h e  va lue  of 
t h e  s t eady  flow d i scha rge  c o e f f i c i e n t  f o r  t h e  o r i f i c e ;  o the r -  
wise ,  CD should be taken a s  u n i t y .  
The q u a n t i t y  co i n  t h e  above express ions  i s  t h e  square  
r o o t  of  t h e  non-dimensional spatially-maximum o s c i l l a t o r y  
p re s su re  ampli tude t h a t  occurs  i n  t h e  chamber, and t o  r e t a i n  
t h e  v a l i d i t y  of  t h e  under lying theo ry ,  should be smal l  com- 
pared t o  un i ty .  For spontaneous i n s t a b i l i t y  e  w i l l  be smal l  
whereas  for t r i g g e r e d  i n s t a b i l i t y  s w i l l  be r e l a t i v e l y  Large, 
rV 
Generally speaking, one sho11Ld expect t h a t  0 .r c < 0 - 3 ,  For 
0 
a conse rva t ive  e s t ima te  i n  t h i s  express ion ,  one should choose 
t h e  l a r g e r  expected va lues  of  so.  
1-31 place any lined surface  kn a r e a s  at or very near 
the regions where the  unstable pressure s s c i % % a t i s n s  are  
l a r g e s t .  
The des ign  procedure presen ted  h e r e  i s  fundamentally t h e  
same a s  t h a t  appear ing i n  Sec t ion  3.2. The on ly  d i f f e r e n c e  
i s  t h a t  Eq. (3.2-4) cannot be used t o  p r e c i s e l y  f i n d  t h e  r e so -  
nan t  geometry and Eq. (3.2-10) is no longer  v a l i d .  I f  t h e  a l -  
t e r n a t e  s o l u t i o n  suggested h e r e  appears  t o o  d i f f i c u l t ,  one 
might s t i l l  u se  t h e  prev ious  procedure even i n  t h e  presence 
o f  a liner-mean-through flow. The c a l c u l a t i o n s  and f i g u r e s  
provided i n  Sec t .  ( 2 . 2 )  sugges t  t h a t  such a s i m p l i f i c a t i o n  
y i e l d s  good r e s u l t s  a t  l e a s t  f o r  mean flows t h a t  a r e  no t  ex- 
c e s s i v e l y  l a r g e .  I f  t h e  q u a n t i t y  ;, c a l c u l a t e d  below, is  
l e s s  than  about 0.3,  t h e  e r r o r  i n  such a s i m p l i f i c a t i o n  
appears  t o  be l e s s  t han  about 10%. Values of  w a r e  r e s t r i c t e d  
h e r e ' t o  0 < w 2 0.3. 
The a l t e r n a t e  (more d i f f i c u l t )  s o l u t i o n  suggested h e r e  
involves  t h e  numerical  s o l u t i o n  o f  simultaneous a l g e b r a i c  
equa t ions .  I n  a d d i t i o n  t o  t h e  q u a n t i t i e s  l i s t e d  i n  t h e  pre-  
v ious  s e c t i o n ,  t h e  o r i f i c e  mean flow v e l o c i t y  and a chamber 
p r e s s u r e  ampli tude must be known. I f  u* denotes  t h e  a c t u a l  
dimensional  mean-flow-or if i c e  v e l o c i t y ,  one o b t a i n s  
where i s  the  parameter t o  be  used i n  t h e  c a l c u l a t i o n  and 
E i s  t h e  square  r o o t  of  t h e  c h a r a c t e r i s t i c  p re s su re  ampli tude 
f o r  t h e  chamber ( see  Eq. 2 . 1 - 2 )  . To comply wi th  t h e  t heo ry ,  
s should be a  number much l e s s  t han  u n i t y  and u should be,  
a t  t h e  l a r g e s t ,  of o rde r  u n i t y ,  bu t  sma l l e r  t han  R c o s  w . *  
For spontaneous i n s t a b i l i t y  s w i l l  be  smal l ,  and f o r  t r i g g e r e d  
i n s t a b i l i t y  s w i l l  be  r e l a t i v e l y  l a r g e .  One should perform 
t h e  c a l c u l a t i o n s  i n  Condi t ion (11-1) f o r  a  few s p e c i f i c  v a l u e s  
of s and then  choose t h e  most reasonable  va lue  o f  s t h a t  g i v e s  
t h e  s m a l l e s t  ( conse rva t ive )  va lue  f o r  M. Genera l ly  speaking,  
reasonable  va lues  f o r  s would be such t h a t  0  < c 2 0.3. The 
des ign  procedure then  i s  t o  s a t i s f y  t h e  fol lowing t h r e e  con- 
d i t i o n s  s imul taneously:  
11-1) The fol lowing s e t  o f  a l g e b r a i c  equa t ions  must be  
solved s imul taneously  f o r  t h e  s p e c i a l  c a s e  N = 0. Because o f  
Condi t ions  (11-3), t h e  chamber f low terms i n  t h e s e  equa t ions  
A - 
can be neg lec t ed ,  i. e . ,  UI w UI = U; m e w g = 0 .  This  spec- 
i a l  c a s e  i s  denoted by ( ) o .  
The c o n s t a n t s  A .  and Bi a r e  de f ined  i n  Appendix B. There l p j  i 
a r e  c e r t a i n  o t h e r  a u x i l i a r y  r e l a t i o n s h i p s  t h a t  must be 
* 
S i n c e  the amplitude R is a f u n c t i o n  of E, one does not 
know a p r i o r i  whether o r  no t  5' i s  g r e a t e r  than  R .  How t h i s  
d i f f i c u l t y  i s  t r e a t e d  i n  t h e  computer program i s  explained 
i n  Appendix D, 
satisfied together with the above two equations, and these 
are also presented in Appendix B e  A suitable computer pro- 
gram is provided in Appendix D ,  
For any given va lue  o f  t h e  des ign  v a r i a b l e  L  (which 
appears  i n  w = 2n L / x ) ,  t h e  above two equa t ions  determine 
t h e  des ign  v a l u e s  of  X; = AX/V and M. Thus, s i m i l a r  t o  Con- 
d i t i o n  (1-1) o f  t h e  prev ious  s e c t i o n ,  t h i s  c o n d i t i o n  prov ides  
a  r e l a t i o n s h i p  among.the des ign  v a r i a b l e s  A ,  L, and V. A n y  
s e l e c t i o n  can be  made f o r  t h e s e  v a r i a b l e s ,  provided t h a t  t h e  
proper va lue  o f  K (which depends upon L) be  s a t i s f i e d .  * 
1 1 - 2 )  The same a s  Condi t ion (1-2)  of t h e  prev ious  sec-  
t i o n ,  except  t h a t  t h e  q u a n t i t y  M i s  now t h a t  q u a n t i t y  ca l cu -  
l a t e d  i n  t h e  above s t e p  and no t  t h e  q u a n t i t y  de f ined  by Equa- 
t i o n  (3.2-10) i n  Condi t ion (1 -2 )  . 
1 1 1 - 2 )  The same a s  Condi t ion (1-3) of  t h e  prev ious  
s e c t i o n .  
From Condi t ion (1 -21 ,  one can s e e  t h a t  t h e  r equ i r ed  l i n e d  
a r e a  i n i t i a l l y  d imin ishes  a s  t h e  o r i f i c e  l eng th  L becomes 
s i g n i f i c a n t  compared t o  t h e  wavelength, and approaches a  mini-  
mum when w - nn/2, o r  L/X w n/4, wi th  n  = 1, 3 ,  odd. The 
resonant  geometry i n  such c a s e s  c o n s i s t s  of quarter-wave o r  
multiple-quarter-wa-ve tubes .  I n  r e f e r e n c e  t o  t h i s  f a c t ,  t h e  
des igne r  should be aware of c e r t a i n  p r a c t i c a l  c o n s i d e r a t i o n s ,  
In general, a s  the orifice Length approaches these o p t i m u m  
values, the liner response becomes more and more sensitive to 
the Liner geometry, When t h e  o r i f i c e  l eng th  i s  ve ry  small 
Je 
See foo tno te  on Page 47, 
( L / X  = O ) ,  the liner response i.s vi.rtually insensitive to 
the actual value of La* Conditior! I -  then requires that 
t h e  r a t i o  AX/V -+ 0 o r  t h a t  t h e  c a v i t y  volume i s  l a r g e  i n  
comparison t o  t h e  a r e a  A.  On t h e  o t h e r  hand, when L/X w 1/4, 
t h e  a c t u a l  v a l u e  o f  L/X becomes very  important .  Thus, i f  
t h e r e  i s  cons ide rab le  doubt i n  t h e  va lue  o f  t h e  wavelength 
of o s c i l l a t i o n ,  s i g n i f i c a n t  e ros ion  occu r s  i n  t h e  l i n e r  mater- 
i a l  a l t e r i n g  t h e  o r i f i c e  dimensions, o r  i f  any o t h e r  hard- to-  
d e f i n e  f a c t o r  i n t roduces  cons ide rab le  u n c e r t a i n t y  i n  what t h e  
a c t u a l  va lues  o f  L/X and A X / V  w i l l  be ,  it i s  suggested t h a t  
t h e  des igne r  n o t  a t t empt  t o  e x p l o i t  t h i s  op t imiza t ion  f o r  
t h e  l a r g e r  va lues  o f  L. I n  such c a s e s  it may be adv i sab le  
t o  des ign  f o r  t h e  c a s e s  where L/X w 0 i n  t h a t  t h i s  r e s u l t s  
i n  a  " s a f e "  des ign ,  i . e . ,  one t h a t  does  n o t  depend i n  a  v e r y  
s e n s i t i v e  way upon t h e  a c t u a l  l i n e r  geometry. Another a l t e r n -  
a t i v e  would be  t o  s e l e c t  t h e  proper  des ign  t h a t  would provide 
f o r  any u n c e r t a i n t y  i n  L,  A ,  e t c .  This  a l t e r n a t i v e  would, 
however, r e q u i r e  more involved c a l c u l a t i o n s  t o  determine t h e  
l i m i t s  of parameter v a r i a t i o n s ,  and t h i s  added compl ica t ion  
must be  j u s t i f i e d  by t h e  amount t h e  l i n e r - s u r f a c e  a r e a  i s  
reduced. I n  Chapter  4 sugges t ions  a r e  provided f o r  accomplish- 
i n g  t h i s  a l t e r n a t e  s o l u t i o n  f o r  des igns  w i th  cons ide rab le  un- 
certainty. 
The above design procedures require that the l i n e d  surface 
be placed in r e g i o n s  where the unsteady pressure oscillations 
dr 
The resulting large bandwidth overshadows moderate 
variations in L. 
a re  Largest, For t h e  case of sp inn ing  modes, it has  been 
observed t h a t  such o s c i l l a t i o n s  u s u a l l y  a r e  maximized i n  t h e  
reg ion  c l o s e  t o  t h e  i n j e c t o r  and a t  t h e  chamber w a l l  ( i n j e c t o r -  
chamber i n t e r f a c e ) .  For l o n g i t u d i n a l  modes, r eg ions  nea r  t h e  
i n j e c t o r  w i l l  a l s o  exper ience  t h e  maximum pres su re  o s c i l l a t i o n s ,  
a l though such o s c i l l a t i o n s  w i l l  a l s o  occur i n  d i s t i n c t  r e g i o n s  
a long t h e  chamber f o r  t h e  h ighe r  modes ( see  Appendix A ) .  Some 
asymmetrical p rope r ty  o f  t h e  combustion chamber i s  neces sa ry  
i n  o rde r  t h a t  s t a n d i n g  t r a n s v e r s e  modes e x i s t .  For i n s t a n c e ,  
t h e  presence of b a f f l e s  o r  non-uniform mass d i s t r i b u t i o n  a c r o s s  
t h e  i n j e c t o r  f a c e  might s e rve  t o  e s t a b l i s h  a  p a r t i c u l a r  mode. 
In  a l l  c a s e s ,  d i r e c t  p re s su re  measurements i n  t h e  a c t u a l  t e s t  
hardware a r e  necessary  t o  e s t a b l i s h  t h e  l o c a t i o n  of such p re s -  
s u r e  maximums. Knowledge of t h e  a c o u s t i c  s o l u t i o n  (Appendix A )  
i s  h i g h l y  d e s i r a b l e  i n  l o c a t i n g  o s c i l l a t o r y  p re s su re  maximums. 
I n  many c a s e s ,  t h e  des igne r  cannot ,  o r  does  n o t  want t o  
a c c u r a t e l y  c a l c u l a t e  t h e  q u a n t i t y  G i n  Eq. (3.2-11) . I n  such 
c a s e s ,  it i s  u s e f u l  t o  know t h a t  G = b  Me, where b  i s  a  num- 
ber  t h a t  should n o t  be much l a r g e r  than  approximately t h r e e .  
A s  mentioned e a r l i e r ,  t h e  above des ign  procedures a r e  
in tended t o  produce a  des ign  which w i l l  provide f o r  a  s u f f i c i -  
e n t  amount of damping wi th  t h e  minimum amount of  l i n e r - s u r -  
f ace  a r e a .  Condi t ions  ( 1 - 2 ,  1 1 - 2 )  se rve  t o  i n su re  t h a t  t h e  
l i n e r  damping i s  s u f f i c i e n t ,  whereas Condi t ions  (1-1, 1-3,  
1.1-I, 11-3) serve t o  minimize t h e  Pined-surface area, I n  some 
applications, minrmization cannot  be achieved,  For  i n s t a n c e ,  
because of geomet r ica l  c o n s t r a i n t s ,  it may occur t h a t  t h e  
l i n e r  c a n  n o t  be placed a t  t h e  p o s i t i o n  where t h e  p r e s s u r e  
o s c i l l a t i o n s  a r e  l a r g e s t ,  bu t  i n s t e a d ,  it must be placed 
i n  r eg ions  where chamber-velocity e f f e c t s  become important .  
Another example i s  i n  volume-limited s i t u a t i o n s ,  where, i n  
o rde r  t o  p rov ide  f o r  enough damping, t h e  backing-volume w i l l  
n o t  be s u f f i c i e n t  i n  o rde r  t o  s a t i s f y  Condi t ions  (1-1 o r  11-1). 
I n  s p e c i a l  c a s e s  such a s  t h e s e ,  a  s u f f i c i e n t  amount o f  l i n e r  
damping may s t i l l  be achieved,  i . e . ,  Condi t ions  (1-2 o r  11-2) 
can s t i l l  be f u l f i l l e d .  One might then  a sk ,  g iven c e r t a i n  
c o n s t r a i n t s ,  i .e . ,  volume l i m i t a t i o n s ,  l iner-placement  r e -  
s t r i c t i o n s ,  e t c ,  what would be t h e  l i n e r  des ign  t h a t  would 
c o n t a i n  t h e  opt imized amount of  l i ned - su r f ace  a r ea .  Another 
p o s s i b i l i t y  i s  t h a t  t h e  des igner  i s  n o t  i n t e r e s t e d  i n  o p t i -  
miza t ion  a t  a l l ,  and merely wants t o  e v a l u a t e  t h e  performance 
(determined whether o r  n o t  t h e  damping i s  s u f f i c i e n t )  o f  a  
given l i n e r  wi th  a  given p o s i t i o n  i n  t h e  chamber. Problems 
such a s  t h e s e  a r e  d i scus sed  i n  Chapter  4. 
3.5 Example Problem 
Problem: Design an optimum l i n e r  c o n f i g u r a t i o n  f o r  a 
c i r c u l a r - c y l i n d r i c a l  chamber wi th  r a d i u s  r = 1 f t .  The 0 
l eng th  of t h e  c y l i n d r i c a l  p o r t i o n  is 1 f t .  and t h e  c o n t r a c t i o n  
s e c t i o n  h a s  leng th  % f t .  The combustion l eng th  i s  e q u a l  t o  
t h e  l e n g t h  s f  t h e  c y l i n d r i c a l  p o r t i o n ,  I t  i s  observed t h a t  
a second t a n g e n t i a l  sp inn ing  instability occurs w i t h  the max- 
imum p res su re  o s c i l l a t i o n s  occur r ing  a t  t h e  i n j e c t o r - o u t e r -  
w a l l  co rne r .  The average speed s f  sound i n  t h e  chamber i s  
2,000 f t / sec ,  and the speed of sound near the injector is 
1,500 ft,/sec. The average r a t i o  of  specif ic  h e a t s  i s  1 - 2  
and t h a t  near  t h e  i n j e c t o r  i s  1.3. The Mach number a t  t h e  
beginning of  t h e  nozz l e  c o n t r a c t i o n  is 0.2. Assume t h e  follow- 
-4 i n g  va lues :  X1 = Y 2  = 2.0, n  = 0.6, T *  = 5 x  10 sec . ,  e = 0.4,  
r 
- " = 0.1, ULI = 0.1, k = 0.1. P r a c t i c a l  c o n s i d e r a t i o n s  re- 
q u i r e  t h a t  t h e  c a v i t y  environment w i l l  be c o o l  s o  t h a t  v a l u e s  
f o r  t h e  molecular  weight and t h e  r a t i o  o f  s p e c i f i c  h e a t s  i n  
t h e  c a v i t y  w i l l  d i f f e r  from t h o s e  i n  t h e  chamber. P r a c t i c a l  
c o n s i d e r a t i o n s  a l s o  r e q u i r e  t h a t  t h e  o r i f i c e  l eng th  be no 
sma l l e r  t han  about % inch and no l a r g e r  t han  about  1 inch.  
Pre l iminary  C a l c u l a t i o n s :  From Table A-1  i n  Appendix A ,  t h e  
fol lowing va lues  a r e  ob ta ined  
The dimensional  angula r  frequency i s  then c a l c u l a t e d  from 
Eq. (A-24 and 40) 
where 
For a l l  cases of optimum design. LI = 0 since the l i n e r  oper- 
ates i n  resonance,  and fur thermore 
The c o r r e c t i o n s  due t o  t h e  nozz le  and combustion response  a r e  
t h u s  seen  t o  be n e g l i g i b l e ,  s o  t h a t  o n l y  t h e  pure  a c o u s t i c  
frequency need be  cons idered .  Thus 
f "  ~ * / t i T  = ( 6 . / 2 ( / ) / 6 . 8  = 975Hr. 
2 = Ex,/' f = 2 / 9 7  = 2.05 FP. 
Condi t ion I : The l i n e r  geometry must be such' t h a t  
The l i m i t s  on L/X a r e  such t h a t  
2 .04 x ~ o - ~  = . . Z / ( ~ ) ( J C ) ( Z . O ~ )  L / ~  ~ 2 -  1/(12~+.o~) = P.07 x/oW2 
Less l i n e r  s u r f a c e  a r e a  w i l l  be r equ i r ed  f o r  t h e  l a r g e r  va lue  
( s ee  t h e  previous  s e c t i o n  and Condi t ion 2 below ) .  Thus, we 
choose L = 1 inch  and 
A / V  = ~ ~ t a ~ ( z r ~ / a ) / ~  
- 6.28 t a n  (6.1s .4.07./0-')/~. o r  
d 
- 8.81S $2-' 
Condi t ion 2 :  The l i n e r  geometry must be  such t h a t  
In the problem at hand, 
- 
ca /do@ Jg/sec. 
Ex a m 2000 et./sec. 
&a = 2. P 
We choose co = 0.3 a s  a  maximum chamber ampli tude permiss i -  
ble.* Also 
The l a r g e r  va lue  f o r  L/X is  chosen s i n c e  t h i s  va lue  w i l l  g i v e  
a  l a r g e r  va lue  f o r  t h e  above M and, i n  t u r n ,  a  smal le r  va lue  
f o r  t h e  product  f L o  For t h i s  va lue  of  L/), (= 0.0407 < 0.1) , 
t h e  o r i f i c e  f low should be  assumed t o  o p e r a t e  i n  a  quas i -  
s teady  manner, s o  t h a t  handbook v a l u e s  f o r  CD should be used.  
Values f o r  CD depend upon t h e  r a t i o  L/D where D i s  t h e  o r i f i c e  
diameter .  I f  we r e s t r i c t  L/D such t h a t  
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t hen  t h e  minimum va lues  f o r  CD ( conse rva t ive  va lues  f o r  l i n e r  
des ign)  a r e  near  0.75. Assuming t h a t  t h i s  r e s t r i c t i o n  is  
pe rmis s ib l e ,  we o b t a i n  
M = [(3)(0,7s)~(s~4)/(r~~o)(~ + 0 . 9 0 3 ) ]  
I/r 
- 1.03 
The va lue  f o r  G i s  ob ta ined  from Eqs. (3.2-13 t o  1 5 ) .  Sub- 
s t i t u t i o n  g i v e s  
* 
Such a value corresponds to a 9% pressure amplitude, 
we then obta in  
Condition 3: Place t h e  l i n e d  su r face  a t  or  very near t h e  
in  jector-wall  corner  of t h e  chamber. 
Optimum Desiqns: U p  u n t i l  now, t h e  following requirements 
have been placed on t h e  l i n e r  geometry 
We note  t h a t  t h e  above r e s t r i c t i o n  on L/D was made f o r  con- 
c re teness ,  and t h a t ,  f o r  a  d i f f e r e n t  chosen range, t h e  mini- 
mum value of fLo would change s l i g h t l y .  There a r e  an i n f i n i t e  
number of ways t o  s a t i s f y  these  requirements. One p a r t i c u l a r  
example i s  t h e  following 
Fur ther  s p e c i f i c a t i o n s  as t o  the  shape of the  backing volume, 
the geometry, and spacing of the holes, as well as other par- 
t i c u l a r  choices  fo r  D ,  f L ,  and o should be d i c t a t e d  i n  s p e c i f i c  
a p p l i c a t i o n s ,  
S p e c i a l  Cons idera t ions  
The prev ious  chap te r  was concerned wi th  t h e  problem o f  
optimum des ign  i n  which t h e r e  a r e  no s i g n i f i c a n t  c o n s t r a i n t s  
imposed on t h e  des ign .  I n  t h i s  chap te r  we d e a l  w i th  c e r t a i n  
o t h e r  problems t h a t  a r e  expected t o  occur i n  p r a c t i c e .  The 
f i r s t  o f  t h e s e  problems w i l l  be t o  e v a l u a t e  t h e  performance 
of a  g iven  l i n e r  w i t h  a  given p o s i t i o n  i n  t h e  combustion cham- 
ber .  Another problem i s  t h a t ,  i n  some a p p l i c a t i o n s ,  t h e r e  
w i l l  be some u n c e r t a i n t y  i n  t h e  q u a n t i t i e s  t h a t  must be known 
i n  o r d e r  t h a t  t h e  methods of  t h e  prev ious  chap te r  be  a p p l i e d .  
Also,  t h e r e  w i l l  be c a s e s  i n  which c e r t a i n  c o n s t r a i n t s  a r e  
imposed on t h e  des ign  ( i . e , ,  volume l i m i t a t i o n s ,  l i n e r  p lace-  
ment r e s t r i c t i o n s ,  e t c ) .  Suggest ions  f o r  handl ing  t h o s e  l a t -  
t e r  problems a r e  a l s o  provided he re .  I t  i s  a l s o  expected 
t h a t  a  p a r t i c u l a r  a p p l i c a t i o n  may c o n t a i n  a  mixture  of  v a r i -  
ous problems. I t  i s  hoped t h a t  t h e  des igner  can u t i l i z e  t h e  
knowledge i n  handl ing  s p e c i f i c  problems i n  t h e s e  more compli- 
c a t e d  s i t u a t i o n s .  
I n  o r d e r  t o  determine whether o r  no t  a given Liner de- 
s i g n  w i l l  provide chamber s t a b i l i t y ,  t h e  des igne r  must know 
the chamber geometry, t h e  s p e c i f i c  i n s t a b i l i t y  mode, t he  
p o s i t i o n  of t h e  l i n e r  i n  t h e  chamber, t h e  quantities listed 
in Sec, (3-2) ( t h e  comments provided a f t e r  t h i s  L i s t  should 
be u s e f u l  h e r e ) ,  t h e  parameter K = A X/V, t h e  parameter 
w = 2n ~ / h ,  t h e  f r a c t i o n  of l i n e d  s u r f a c e  a r e a  fL ,  t h e  per-  
c e n t  open a r e a  r a t i o  of  t h e  l i n e r  a ,  t h e  o r i f i c e  mean flow 
v e l o c i t y  parameter u, t h e  1-ocal v a l u e s  f o r  t h e  chamber f low 
components e ,  g ,  and t h e  l o c a l  va lue  of t h e  angle  Q. I'  
These l a s t  f i v e  q u a n t i t i e s  can be  c a l c u l a t e d  by u s e  of  t h e  
methods presen ted  i n  Appendix A.  
- - 
I n  o rde r  t o  c a l c u l a t e  t h e  parameters  u ,  U I ,  e ,  g ,  one 
must know t h e  nondimensional chamber o s c i l l a t o r y  ampli tude 
a2 s 2 .  I f  , however, t h e r e  is no o r i f  i c e  mean flow, and t h e  
p o s i t i o n  of t h e  l i n e r  i s  near  p re s su re  a n t i n o d a l  p o s i t i o n s  
(maximum pres su re  ampli tudes)  , t h e s e  q u a n t i t i e s  need no t  be 
c a l c u l a t e d  s i n c e  t h e i r  e f f e c t s  a r e  n e g l i g i b l e .  I f ,  on t h e  
o t h e r  hand, t h e r e  i s  s u b s t a n t i a l  o r i f i c e  mean flow, and/or 
t h e  p o s i t i o n  of t h e  l i n e r  i s  near  a  p re s su re  node, one must 
* 
e v a l u a t e  t h e  des ign  f o r  p a r t i c u l a r  va lues  of  c 
P' 
For va- 
l i d i t y  of t h e  under ly ing  theo ry ,  c should be a  number smal l  
compared t o  u n i t y .  For spontaneous i n s t a b i l i t y ,  c w i l l  be  
P 
r a l a t i v e l y  smal l ,  whereas f o r  t r i g g e r e d  i n s t a b i l i t y  s w i l l  
P  
be r e l a t i v e l y  l a r g e .  I t  i s  suggested t h a t  t h e  c a l c u l a t i o n s  
of t h i s  s e c t i o n  be done f o r  a  few va lues  of s ranging  from 
P ' 
a v a l u e  near  t h e  no i se  l e v e l  of smooth combustion t o  a  va lue  
equa l  to t h e  l a r g e s t  pe rmis s ib l e  (before  damage occu r s )  o r  
to a va lue  s w 0 , 3 ,  whichever is smaller ,  Tkie l i n e r  con f ig -  
P 
u r a t i o n  t e s t e d  w i l l  provide s t a b i l i t y  i s  it i s  s t a b l e  f o r  a l l  
v a l u e s  of c - ,  
kJ 
*We can choose a  = 1 h e r e .  
The liner performance e v a l u a t i o n  is then accomplished 
by 
(1) Solve f o r  t h e  c o n s t a n t s  M and N by one of t h e  
fo l lowing  methods. 
( a )  f o r  no liner-mean-through flow, so lve  Eqs, 
(2.2-9 and 10) 
(b)  i f  t h e r e  i s  a liner-mean-through flow, so lve  
Eqs. ( 2  - 2 - 6  and 7 )  t oge the r  wi th  t h e  a u x i l i a r y  
equa t ions  given i n  Appendix B. 
Method (b) can ,  o f  cou r se ,  be used i f  t h e  liner-mean- 
through flow i s  ze ro ,  a l though  Method ( a )  i s  then  much s i m -  
p l e r .  A computer program f o r  t h e  s o l u t i o n  of  t h e  necessary  
equa t ions  f o r  (a) & (b)  a.nd i n s t r u c t i o n s  f o r  i t s  .use a r e  
given i n  Appendix D.  
( 2 )  Check t o  s e e  t h a t  t h e  i n s t a b i l i t y  frequency of  t h e  
combined chamber-l iner c o n f i g u r a t i o n  i s  c l o s e  t o  t h e  i n i t i a l  
i n s t a b i l i t y  frequency; i . e . ,  make s u r e  t h a t  
I f  t h i s  c o n d i t i o n  is n o t  f u l f i l l e d ,  proceed t o  S t e p  (3)  . 
I f  it i s  f u l f i l l e d ,  proceed t o  S t ep  ( 6 ) .  Note t h a t ,  i f  t h e  
l i n e r  geometry is  t h e  resonant  geometry, N = 0,  and t h i s  
c o n d i t i o n  w i l l  be s a t i s f i e d .  
( 3 )  C a l c u l a t e  a new i n s t a b i l i t y  frequency from 
and t h e n  re-do Step (I) w i t h  the new frequency New 
new" 
va lues  f o r  M and N w i l l  be ob ta ined  (Mnewl Nnew ) The prev ious  
values for M and N a re  c a l l e d  M 
0 Pd and N o l d *  
(4)  Check t o  s e e  i f  
1  new - 1 /Nola < about  0 . 1  
o f  i f  Condi t ion (4.1-1) i s  f u l f i l l e d .  I f  e i t h e r  a r e  f u l -  
f i l l e d .  r e t a i n  t h e  va lues  of  znew, Mnew and Nnew, and pro- 
ceed t o  S t e p  (6)  . I f  n e i t h e r  a r e  f u l f i l l e d ,  proceed t o  
S t e p  ( 5 ) .  
( 5 )  C a l c u l a t e  a  new i n s t a b i l i t y  frequency from E q .  (4 .1 -2) ,  
,.4 
where wokiginal  i s  t h e  same va lue  a s  it was i n  t h a t  s t e p .  C a l l  
t h e  p re sen t  v a l u e s  o f  Mnew 
and Nnew, and Nold r e s p e c t i v e l y .  
Re-do S t e p  (1) wi th  t h e  va lue  Gnew and o b t a i n  new va lues  f o r  
Mnew and Nnew. Go t o  S t e p  (4) . 
(6)  Check t o  s e e  i f  Condi t ion (1 -2 )  o f  Sec t ion  (3.2) is 
s a t i s f i e d ,  u s i n g  t h e  va lue  f o r  M and no t  t h a t  va lue  g iven  
new' 
by E q .  (3.2-10). I f  t h i s  c o n d i t i o n  is  s a t i s f i e d ,  t h e  l i n e r  
should prov ide  chamber s t a b i l i t y  f o r  t h a t  va lue  of s 
P O  
4 . 2  U n c e r t a i n t i e s  i n  t h e  chamber Speed o f  Sound and t h e  
I f  t h e  l i n e r  des ign  i s  such t h a t  t h e  o r i f i c e  l eng th  L 
i s  ve ry  smal l  compared t o  t h e  wavelength ?, (L/X < about 0 - 1 )  
u n c e r t a i n t i e s  i n  t h e  chamber speed of sound c and t h e  i n s t a -  I 
b i l i t y  angula r  frequency w*, and consequent ly  t h e  wavelength 
of  o s c i l l a t i o n  ( h  = 2n$/w*) w i l l  no t  be v e r y  consequen t i a l  
provided t h e  liner-mean-through-fIsw v e l o c i t y  i s  no t  exces s ive ly  
large (E less "&an about 8 , 3 ) ,  and any one of Conditions A-L to 
A-4 sf Section ( 2 - 2 )  is satisfied, Such results are due k o  the 
resu.lting large band-widths, In  o t h e r  c a s e s ,  such u n c e r t a i n t i e s  
may be c o n s e q u e n t i a l ,  I t  i s  t h e n  s u g g e s t e d  t h a t  any calcu- 
l a t i o n s  performed k done for a  minimum, maximum and i n t e r -  
m e d i a t e  v a l u e  o f  X ,  making s u r e ,  o f  c o u r s e ,  t h a t  any c r i t e r i a  
t o  b e  s a t i s f i e d  b e  s a t i s f i e d  f o r  a l l  c a s e s .  
The above comments c o n c e r n i n g  u n c e r t a i n t i e s  i n  h a l s o  
a p p l y  t o  u n c e r t a i n t i e s  i n  any o t h e r  q u a n t i t y  (L, A ,  e t c . )  
4 . 3  O p t i m i z a t i o n  i n  Volume-Limited S i t u a t i o n s  
I n  many d e s i g n  problems,  t h e  volume occup ied  by t h e  l i n e r  
must b e  h e l d  t o  a  b a r e  minimum. I m p o r t a n t  i n  r e l a t i o n  t o  t h e s e  
problems a r e  t h e  f a c t s  t h a t  1) t h e  quar ter -wave geometry w i l l  
p o s s e s s  t h e  s m a l l e s t  r e s o n a n t  volume p o s s i b l e  ( i n  comparison t o  
t h e  sum o f  t h e  o r i f  i c e  volume and c a v i t y  volume f o r  t h e  Helmholtz  
r e s o n a t o r ) ,  and 2 )  t h e  quar ter -wave ( o r  some m u l t i p l e  q u a r t e r -  
wave) geometry p o s s e s s e s  maximum r e s p o n s e .  Such r e s u l t s  f o l l o w  
from t h e  s o l u t i o n  t o  t h e  l i n e r  r e s p o n s e  g i v e n  i n  Sec.  ( 2 . 2 ) .  
I n  v iew o f  such r e s u l t s ,  it would b e  h i g h l y  d e s i r a b l e  t o  i n -  
c o r p o r a t e  quar ter -wave t u b e s  i n  t h e  d e s i g n .  Although it i s  
t r u e  t h a t  t h e  band-width o f  such d e v i c e s  i s  r e l a t i v e l y  s m a l l ,  
one might  overcome t h i s  d i f f i c u l t y  by i n c o r p o r a t i n g  t u b e s  o f  
v a r i o u s  l e n g t h s  t h a t  v a r y  a b o u t  ( o n l y  u p  t o  about  5%) o f  t h e  
r e s o n a n t  1-ength o f  1/4 wavelength .  With t h e  knowledge of  t h e  
q u a n t i t i e s  l i s t e d  i n  Sec.  (3 .1)  ( t h e  d i s c u s s i o n  o f  t h e  e n t i r e  
s e c t i o n  shou ld  a l s o  be u s e f u l  h e r e ) ,  s i n c e  t h e  l e n g t h  L i s  now 
de te rmined ,  t h e  d e s i g n  c o u l d  be  accomplished f o r  t h e s e  d e v i c e s  
by s imply  
-1) Choosing f L  and 0 (or  A )  such t h a t  C o n d i t i o n  ( 1 - 2 )  o f  
Sec, ( 3 - 2 )  i s  s a t i s f i e d ,  
2 )  S a t i s f y i n g  C o n d i t i o n s  (1-3) of  Sec.  ( 3 . 2 ) .  
In some eases, merely minimizing the  volume i s  n o t  a 
s u f f i c i e n t  des ign  s o l u t i o n ,  and l /4 wave tubes  connot be e m -  
ployed. Such c a s e s  may occur when t h e  l eng th  of such t u b e s  
i s  p r o h i b i t i v e ,  o r  i f  t h e  r e s u l t i n g  band-width i s  t o o  narrow; 
e .g .  i f  e r r o r s  i n  t h e  knowledge of  X overshadows any a t t empt  
t o  i n c r e a s e  t h e  l i n e r  band-width by u t i l i z i n g  s e v e r a l  t u b e s  
of s l i g h t l y  d i f f e r e n t  l eng th .  One may then  want t o  u t i l i z e  
Helmholtz r e s o n a t o r s ,  bu t  y e t  s t i l l  keep t h e  backing volume 
V t o  a  minimum. We assume h e r e  t h a t  t h e  va lue  o f  V i s  g iven ,  
and i n  most c a s e s ,  t h i s  means t h a t  t h e  f r a c t i o n  o f  l i n e d  su r -  
f ace  a r e a  f L  w i l l  a l s o  be given.  The problem cons idered  h e r e  
t hen  i s  t o  f i n d  t h e  v a l u e s  o f  A and L and t h e  corresponding 
optimum va lue  of a .  I n  a l l  c a s e s ,  t h i s  method w i l l  provide 
f o r  an of f - resonant  des ign ,  so  t h a t  t h e  d i f f e r e n c e  between 
t h e  i n s t a b i l i t y  frequency of  t h e  chamber-l iner c o n f i g u r a t i o n  
and t h e  i n s t a b i l i t y  f requency of t h e  chamber a lone  might be 
s i g n i f i c a n t  . I f  t h e  chamber flow e f f e c t s  a r e  s i g n i f i c a n t  
( t h e  l i n e r  i s  placed i n  r eg ions  o f  p re s su re  nodes ) ,  we c a u t i o n  
t h a t  proceeding t o  a  des ign  even s l i g h t l y  o f f  resonance may be 
dangerous.  The reason f o r  t h i s  danger is  t h a t  u n c e r t a i n t i e s  i n  
A ,  A ,  L,  e t c . ,  may r e s u l t  i n  a c t u a l  des igns  t h a t  ope ra t e  i n  
r eg ions  where t h e  r e a l  p a r t  of  t h e  l i n e r  admit tance is  nega t ive  
( see  S e c t ,  2 - 2 ) -  
The method of  approach is  descr ibed  a s  fo l lows ,  For 
chamber stability, the objective is to make the p r o d u c t 0  f L  Pi% 
large enough (see Condi t ion 1 1 - 2 ,  Sec, ( 3 . 2 )  ) A s  a l r eady  
mentioned. i f  the  backing-volume V is  given.  then fL w i l l  
u s u a l l y  be given so  t h a t  t h e s e  q u a n t i t i e s  can  be cons idered  
f i x e d .  For a  given i n s t a b i l i t y  frequency and a  given volume 
V ,  a s  one v a r i e s  A, t h e  q u a n t i t y  M passes  through a  maximum. 
This  maximum occurs  a t  a  p o i n t  which is  e s s e n t i a l l y  t h e  reso-  
nan t  p o i n t  f o r  t h a t  f requency (Sec. 2 . 2 )  . On t h e  o t h e r  hand, ' 
f o r  f i x e d  volume V (and f L ) ,  t h e  q u a n t i t y  o w i l l  i nc rease  
l i n e a r l y  a s  A i n c r e a s e s .  Thus, t h e  product  a M w i l l  always 
become a  maximum a t  a  va lue  of A t h a t  i s  l a r g e r  t han  t h e  
r e sonan t  va lue  and t h u s  a t  a  frequency t h a t  i s  l a r g e r  than 
t h e  l i n e r  resonant  frequency.  The d i f f e r e n c e  between t h e  
l i n e r  resonant  frequency and t h e  relat ive-optimum frequency 
w i l l  i n c r e a s e  a s  t h e  peak of M v s .  A becomes broader  ( i . e . ,  
a s  E i n c r e a s e s ) .  C a l c u l a t i o n s  w i l l  be necessary  i n  order  
t o  f i n d  o u t  where t h e  product  a M maximizes. 
I n  o rde r  t o  c a r r y  o u t  t h e  method, t h e  des igne r  must 
know t h e  q u a n t i t i e s  d i s cus sed  i n  Sec t ion  (3.1) ( t h e  d i s -  
cus s ion  o f  t h e  e n t i r e  s e c t i o n  should a l s o  be u s e f u l  h e r e ) ,  
and t h e  backing volume V (from which f L  can u s u a l l y  be 
found) .  A s  i n  t h e  prev ious  s e c t i o n s ,  t h e  c a l c u l a t i o n s  must 
be done f o r  p a r t i c u l a r  va lues  of s ,  say E . Also,  i f  v e l o c i t y  
0 
e f f e c t s  a r e  important  ( t h e  l i n e r  placement i s  near  a p re s su re  
node ) ,  and i f  t h e  liner-mean-flow i s  smff i c i e n t l y  l a r g e  ( ( G I  > 
about 0 . 3 ) ,  t h e  proper flow parameters must a.l$o be s p e c i f i e d .  
The previous sections of t h i s  chap te r  and Chapter  3 con ta in  i n -  
formation t h a t  will gu-ide one i n  c a l c u l a t i n g  t h e  flow parameters  
- - 
UI e ,  g .  and UII. t h e  liner-mean-flow parameter ;, a s  w e l l  a s  
i n  choosing t h e  ampli tude s o . 
The procedure f o r  t h i s  s e c t i o n  then  becomes 
I ,  Choose a convenient  va lue  of  w = 2n- L / X ,  and s o l v e  
f o r  M and N f o r  v a r i o u s  va lues  of A i n  t h e  parameter H = 
AX/V (both  X and V a r e  f i x e d ) .  This  s b l u t i o n  can be accom- 
p l i s h e d  by one of  t h e  fol lowing methods: 
( a )  f o r  no liner-mean-through flow, so lve  Eqs. 
( 2 . 2 - 9  and 10) , 
(b)  i f  t h e r e  i s  a liner-mean-through flow, s o l v e  
Eqs. (2.2-6 and 7 )  t o g e t h e r  w i th  t h e  a u x i l i a r y  equa t ions  given 
i n  Appendix B. 
Method (b)  can be  used i f  t h e  liner-mean-through flow 
is ze ro ,  a l though Method ( a )  i s  then  s impler .  A computer 
program f o r  t h e  s o l u t i o n  o f  t h e  equa t ions  necessary  f o r  
(a) and (b)  and i n s t r u c t i o n s  f o r  i t s  use  a r e  given i n  Appendix D .  
2 .  C a l c u l a t e  t h e  corresponding va lues  of a a s  a f u n c t i o n  
of  A from 
Cf - A / A ,  
where AL is t h e  t o t a l  l i n e d  s u r f a c e  a r e a  (pe r fo ra t ed  a r e a  
p l u s  non-perforated a r e a )  . 
3 ,  P l o t  t h e  product  ISM v s  A and choose t h e  va lue  o f  A 
where t h e  product  i s  maximum. C a l l  t h i s  va lue  A and t h e  OP 
corresponding va lues  a M N 0p"p"p" 
4 ,  Eva lua te  t h e  above l i n e r  geometry by t h e  procedure  
presented in See, (4, I ) ,  S tep  ( I )  of t h a t  procedure has al- 
ready been performed here, If the l i n e r  does not provide 
s t a b i l i t y ,  choose another  pe rmis s ib l e  va lue  f o r  w = 2n ~ / h  
and r e p e a t  t h i s  e n t i r e  procedure ,  If a va lue  of w cannot  
be chosen such that the liner provides stability, the de- 
s i g n e r  must a l l o w  f o r  more backing-volume, and c o n s e q u e n t l y ,  
l a r g e r  va lues  of f L  i f  an e f f e c t i v e  acous t ic  l i n e r  is t o  be 
employed. 
APPENDIX A 
Acoust ic  Modes 
This  appendix c o n t a i n s  t h e  s o l u t i o n s  f o r  t h e  a c o u s t i c  
modes i n  r e c t a n g u l a r ,  c i r c u l a r - c y l i n d r i c a l ,  and annular-cy- 
l i n d r i c a l  chambers. These r e s u l t s  were taken  from Reference 
( 8 ) .  The e f f e c t  of an a c o u s t i c  l i n e r  on t h e  frequency of 
any a c o u s t i c  mode i s  given a t  t h e  end of t h i s  appendix. 
Rectanqular  Combustors 
The c o o r d i n a t e  system f o r  t h i s  geometry i s  i l l u s t r a t e d  
i n  F ig .  ( A -  . I n  what fo l lows ,  a l l  l e n g t h s  a r e  nondimension- 
a l i z e d  wi th  r e s p e c t  t o  t h e  chamber width w ,  v e l o c i t y  wi th  
F i g u r e  (A-1) 
-69- 
respect  to the average chamber-mean-speed of sound i? l aP  and 
themodynamic p r o p e r t i e s  wi th  r e s p e c t  t o  t h e i r  chamber-mean- 
s t a t i c  va lues .  Nondimensional t ime equa l s  p h y s i c a l  t ime 
m u l t i p l i e d  by c /w. 
Ia 
The nondimensional p r e s s u r e  i s  given by 
Pr i P c o ~ j r r X  me c o s m U y c o s n + ~ c o s w t  (A-1)  
where 
% = chamber length/chamber width (A-2) 
The nondimensional v e l o c i t i e s  i n  t h e  x,  y ,  and z d i r e c t i o n s  
a r e  given r e s p e c t i v e l y  below 
The nondimensional chamber angula r  frequency i s  given by 
where 
From t h e  nondimensional scheme, t h e  dimensional  angula r  f r e -  
N 
quency w *  is  r e l a t e d  t o  w i n  t h e  fol lowing way 
In the above, j i s  a n  in tege r :  
When j = 0 ,  it can be seen from Eqs. (A-3 t o  5 )  t h a t  t h e  
mode i s  pu re ly  t r a n s v e r s e ,  and when j i s  nonzero,  t h e  mode 
i s  e i t h e r  p u r e l y  l o n g i t u d i n a l  o r  mixed long i tud ina l - t r ans -  
v e r s e .  I f  one knows t h e  p a r t i c u l a r  i n s t a b i l i t y  mode, j w i l l  
a l s o  be known. The number m* i s  ze ro  o r  any i n t e g e r  m u l t i p l e  
of IT. 
The number n* is such t h a t  
where 
( = chamber height/chamber width  
Longi tud ina l  modes occur when m* = n* = 0 .  The c o n s t a n t  
P i s  an ampli tude t h a t  cannot  be  determined from a  l i n e a r  
a n a l y s i s .  This q u a n t i t y  must be e s t ima ted  when s p e c i f i c  nu- 
m e r i c a l  r e s u l t s  a r e  needed. Suggest ions  f o r  t h i s  e s t i m a t e  
a r e  g iven ,  where needed, i n  t h e  main s e c t i o n s  o f  t h i s  manual, 
The n o t a t i o n  o f  Sec. ( 2 . 1 )  can now be expressed i n  t h e  
fo l lowing  way (dropping t h e  s u b s c r i p t  G of Sec . 2 . 1 )  . 
(A-13a) 
(A-13b) 
(A- 14) 
- 
2 
4 --- o.u, Pa4 ig [(% I- @ -  3ifl2g ae coj may c o s  n * ~ )  
where 
From E q .  (A-15) we  n o t i c e  t h a t  on ly  s t and ing  modes are 
permi t ted  i n  such chambers and t h e  chamber p r e s s u r e  i s  always 
90' o u t  of  phase w i t h  t h e  chamber v e l o c i t y .  From E q .  (A-18)  , 
we n o t i c e  t h a t ,  f o r  t r a n s v e r s e  modes ( j  = 0)  . (I = n/2, f o r  
l o n g i t u d i n a l  modes ( j  # 0 ) .  rlr = 0,  and f o r  mixed t r a n s v e r s e -  
l o n g i t u d i n a l  modes ( j  # 0) t h e  angle  $ w i l l ,  i n  g e n e r a l ,  
o s c i l l a t e  wi th  t i m e .  
The c o o r d i n a t e  system f o r  t h e  a n n u l a r - c y l i n d r i c a l  geometry 
i s  i l l u s t r a t e d  i n  F ig .  ( A - 2 ) .  For t h i s  geometry, a l l  p h y s i c a l  
Lengths are nsndimensionalized with respect to the outside 
chamber radius, r , vePos ity with respect to the chamber- 
0 
mean speed of sound c and thermodynamic p r o p e r t i e s  wi th  I ' 
r e s p e c t  t o  t h e i r  chamber-mean-static va lues .  Nondimensional 
t i m e  equa l s  t h e  p h y s i c a l  t ime m u l t i p l i e d  by C /r I 0' The c a s e  
o f  a c i r c u l a r - c y l i n d r i c a l  combustor a r i s e s  i n  t h e  s p e c i a l  
c a s e  when t h e  i nne r  w a l l  r a d i u s  r i  equa l s  ze ro .  
The nondimensional p r e s s u r e  i s  now 
where rre i s  t h e  r a t i o  of  chamber l eng th  t o  chamber o u t e r  
r a d i u s .  The nondimensional v e l o c i t i e s  i n  t h e  x,  r ,  and 0 
d i r e c t i o n s  a r e  t hen  r e s p e c t i v e l y  
- 
- d c o s ( ~ t  IU - 3 e ) l  
The nondimensional-chamber-angular frequency,  w, i s  given 
where 
Prom the nsndimensional scheme, the dimensional angula r  fre- 
queneyi w * #  is r e l t e d  t~ in the following way 
where r i s  t h e  r a d i u s  o f  t h e  o u t e r  chamber w a l l .  
0 
I n  t h e s e  exp res s ions ,  j  and v a r e  e i t h e r  z e r o  o r  an 
i n t e g e r  : 
j = O ,  1 , 2 , .  @ .  
Thus, when j = 0,  t h e  mode is t r a n s v e r s e ,  when j # 0, t h e  
mode i s  e i t h e r  l o n g i t u d i n a l  o r  mixed t r a n s v e r s e - l o n g i t u d i n a l .  
When both j  and v a r e  z e r o ,  t h e  mode is  p u r e l y  r a d i a l .  I f  
t h e  p a r t i c u l a r  i n s t a b i l i t y  mode is known, bo th  j and v w i l l  
be  determiqed.  See Tables  (A-1  and 2 )  f o r  f u r t h e r  exp lana t ion .  
The func t ion  JI ( r )  is a  l i n e a r  combustion o f  Bessel  
vrl 
f u n c t i o n s  ; namely, 
where A* = S*  and B* a r e  determined from 
v l l  
and  
where 
= chamber inner radius/chamber o u t e r  radius 
For f u l l  chambers ( 5  = 0 ) ,  Eqs. (A-29a and 30a) s p e c i a l i z e  
t o  
P 8 , ( d  = & ( / ? * I )  (A-29b) 
(A-3 Ob) 
s o  t h a t  B* is then  zero .  
Roots of E q .  (A-30b) a r e  given i n  Table (A-1)  , and 
were ob ta ined  from Ref. ( 1 2 ) .  Roots o f  E q .  (A-30a) a r e  g iven  
i n  Table ( A - 2 ) ,  and a d d i t i o n a l  va lues  can be found i n  Ref. ( 1 3 ) .  
The ampli tudes  P and Q a r e  c o n s t a n t s  t h a t  must be e s t i -  
mated. Only i n  c e r t a i n  s p e c i a l  c a s e s  w i l l  t h i s  e s t ima t ion  
be necessary f o r  des ign  work. I n  p a r t i c u l a r ,  f o r  sp inn ing  
modes, Q = 0. For s t and ing  modes i n  which t h e r e  e x i s t s  n o d a l  
p o i n t s ,  P = Q .  I n  o t h e r  c a s e s  of  s tand ing  modes, two measure- 
ments can s e r v e  t o  determine P and Q: a t  t h e  p o i n t  where t h e  
I pres su re  o s c i l l a t i o n s  a r e  maximum ( (p ' )  1,  P f 0 = (p Imax/  max 
X 
c o s  j TT - 
x  lv?, ( r ) ,  and where t h e  p re s su re  o s c i l l a t i o n s  a r e  
e  
I X 
minimum ( p m i n  P - O = (p cos j TT - $vq ( r )  . F u r t h e r  
xe 
sugges t ions  a r e  provided,  where necessary ,  i n  t h e  main s e c t i o n  
o f  t h i s  manual. 
The n o t a t i o n  o f  Sec,  (2-1) can now be expressed as 
Table A - l  
- 
I. Roots o f  J' (wa), = 0 
v 
a i s  t h e  rjth r o o t  of J' (na) = 0 
vrl v 
S*  i s  ob ta ined  by mul t i p ly ing  t h e  corresponding v a l u e s  
V r l  
o f a  b y n  
vn 
2 .  Meaning of  v, q ,  amd j 
Both v and T g i v e  t h e  t r a n s v e r s e  c h a r a c t e r  of t h e  mode. The 
va lue  o f  v g i v e s  t h e  t a n g e n t i a l  number of t h e  mode, and v = 0 
means t h e  t r a n s v e r s e  c h a r a c t e r  can only  be r a d i a l .  The va lue  
of  (q - I) g i v e s  t h e  r a d i a l  number of t h e  mode, and rj = 1 
means t h e  t r a n s v e r s e  c h a r a c t e r  can on ly  be t a n g e n t i a l .  The 
va lue  o f  j g i v e s  t h e  l o n g i t u d i n a l  c h a r a c t e r  of  t h e  mode, and 
j = 0 means t h e  mode can only be  t r a n s v e r s e .  
Examples: j = 0 ,  v = 0 ,  q  = 2 means lSt r a d i a l  
j = 0 ,  v = 1, n = 1 means lSt tangen&&al  
j = 0,  1) = 2 ,  q = 3 means combined 2 t a n g e n t i a l ,  
2nd r a d i a l  
j = 1, v = 0 ,  7 = 2 means mixed f i r s t  l o n g i t u d i n a l ,  
- f i r s t  r a d i a l  
C 
I a  The a c o u s t i c  frequency i s  given by f  = -2vro 

(a-34) 
( 8 - 3 5 )  
(A- 3  6 )  
and 
where 
Thus, f o r  mixed l o n g i t u d i n a l - t r a n s v e r s e  modes ( j  # 0 )  , t h e  
ang le  4 w i l l ,  i n  g e n e r a l ,  o s c i l l a t e  wi th  t ime.  For pure ly  
t r a n s v e r s e  modes ( j  = 0 1 ,  III = n/2, and f o r  pu re ly  l o n g i t u d i -  
n a l  modes, ( v  = S* = 0 ) #  = 0 -  
vrl 
I n  an a c t u a l  combustor, t h e  i n s t a b i l i t y  f r equenc ie s  
d i f f e r  s l i g h t l y  from t h e  acoustic-mode f r equenc ie s  given 
above. Ce r t a in  e f f e c t s  no t  p re sen t  i n  t h e  acoustic-mode so lu -  
t i o n  account f o r  t h i s  d i f f e r e n c e ,  The e f f e c t s  o f  a  nozz le ,  
L i n e r ,  and combustion response have been cons idered  i n  Ref, (8) , 
and. we present these r e s u l t s  here, The liner cons idered  is a 
full-lenqth liner w i t h  u n i f o r m  a d m i t t a n c e  and w i t h  no l i n e r -  
mean-through flow, T h e  r e s u l t s  can be expressed by a co r r ec -  
N 
t i o n  w ' to the above v a l u e s  of w a s  follows 
where z' i s  t h e  c o r r e c t e d  frequency.  The r e s u l t s  a r e  
G o '  - 2 * d / J Z / &  
See t h e  Table o f  Nomenclature f o r  t h e  d e f i n i t i o n s  of t h e s e  
q u a n t i t i e s .  e i s  t h e  imaginary p a r t  of  t h e  nozzle  admit tance.  I 
15 eI is no t  known, one might exclude t h e  f i r s t  term of  t h e  
above equa t ion  and cons ide r  t h e  dimensional  chamber leng th  
x* a s  t h e  a c t u a l  chamber l eng th  p l u s  2/3 of  t h e  nozz le  con- 
e  
t r a c t i o n  s e c t i o n .  One could conssider p a r t i a l - l e n g t h  l i n e r s  
i n  an approximate way by cons ide r ing  t h e  imaginary p a r t  of 
t h e  l i n e r  admit tance CI appear ing above a s  
where p  denotes  t h e  va lue  f o r  t h e  p a r t i a l - l e n g t h  l i n e r  and 
f L  i s  def ined  i n  Chapter  3 .  
If t h e  mean flow Mach number a t  t h e  nozz le  en t r ance  % 
i s  l a r g e ,  one could  approximately account f o r  i t s  e f f e c t  on 
t h e  l o n g i t u d i n a l  "component" of t h e  frequency by c o r r e c t i n g  
t h e  (jn/x,)" term i n  E q s .  (A-6 and 2 4 )  i n  t h e  fol lowing way 
A P P E N D I X  B 
The constants in Eqs. ( 2 . 2 - 6 , 7 )  are: 
A, , = r a , ~ g = -  g4) + p , A Z ;  t S,(gA+Z77-  
- 9 ? ' - ~ 2 ; ) . ? / r ~  + C ( d s - p J ~ c  
$10 $fC - 31" g A )  f ( D C p  -p4 ) C  C0.T $2fH 
- cos gC) + C M ,  --, )C s / ; ? r g c -  s / n r g ~ ) /  
2 ( Nz -pz )C cosz  gA - C o S 2 f l c f i ] / ~  (B-1) 

a - 
-,/ -= 
where 
- 
H, - 
- 
d, - 
d 
=43  - 
4 
- 
do- 
- 
- 
o<k - 
4 /LS/ - 
- P z  - 
.---- 
3 -- 
- 
4 -- 
A PJ- - 
- ~ 7 4 ~ :  - c + ( L? T L  t c 2  + gz)/& (8-7) 
N M / L C ~  + e q / r  (B-8) 
- C M ' - N ~ ) / / C /  f C e ' - g 2 ) / #  (B-9) 
q q r o ~ p  + ~ N / C /  (B-10) 
e C O J ~  - M M / C ;  (B-11) 
- PL/2 f ( g T  - o ; . ) / c ~  - 2 )  cM (B-12) 
c7, (2%' t e L  t g + ) / ~  (B-13) 
C~~ 7 / Z  (B-14) 
ez c ez - g.d),'p (B-15) 
GI 5 fjf CQJ jv (B- 16) 
qz L$- E? C Q J  p (B-17) 
- 
J6 - 
--a? 
- C T ~ , / Z C /  - R ~ c o J ' w / ~ c ~ L .  - + //z 
+ ( TT - i%4/~ - J I <  (B- 18) 
- 
$7 - MN C O S ~ W / Z  C/ (B- 19) 
- 43 - ( M '  - w ' )  C O J ' & / P C ~  (B-20) 
-- fi N c o s  d /  C; $9 - (B-21) 
4, - - 2 M M ~ Q J U / C /  (B-22) 
If u = 0 or if Eqs. (B-31a and 32b) can be satisfied: 
- s, - - z - / +- cpZ(2% f e'f g ' ) / ~  (B-23a) 
- /% - rFa G Z / z  f ( 5  FT - d / G c + 2 j  (B-24b) 
If u < 0 and Eq. (B-32a) cannot be satisfied: 
If u 3 0 and Eq. (B-31a) ca-nnot be satisfied: 
In addition 
- - A r c c o s ( -  z/',) - A r c f a n  (M/M) -Av (B-25) $" - 
p?& = E A r c c o s  ( -~ / / i . )  (B-26) 
If cos w > 0: 
I f  c o s  iabi < 0 :  
w A" e Arcros  C -  g / / ? c o s w )  - Arcf lo  (N/H) -A,t (B-27b) 
$B = L Hrcc-os ( G/R ros w (B-28b) 
a l s o ,  
The f o l l o w i n g  e q u a t i o n s  c a n  s e r v e  a s  i m p l i c i t  d e f i n i t i o n s  
f o r  A T ,  and  AT^. Such e q u a t i o n s  a r e  n e c e s s a r y  o n l y  when ; # 0. 
I f  ; = 0 ,  t h e  c o r r e c t  r e s u l t  can  b e  o b t a i n e d  by s e t t i n g  A T  = 1 
A T~ = 0 i n  t h e  above e x p r e s s i o n s .  I n  a l l  of  t h e  f o l l o w i n g  
t h r e e  sets o f  e q u a t i o n s ,  one must c o n s i d e r  w << 1. I f  a s o l u -  
t i o n  e x i s t s  f o r  t h e  f i r s t  set  o f  two e q u a t i o n s ,  t h e n  t h a t  i s  
t h e  p r o p e r  s o l u t i o n .  
For u < 0 ,  if w i s  s o  l a r g e  ( b u t  s t i l l  r u < c l )  t h a t  a  s o l u t i o n  
t o  E q .  (B-32a) does  n o t  e x i s t ,  t h e n  t h e  p r o p e r  s e t  i s  
For u70, i f  w i s  so large  (but s t i l l  LUr<<l) t h a t  a  solut ion 
t o  E q .  (B-3la) does not e x i s t ,  then the  proper s e t  i s  
.The constants  for  Eqs. (2.2-9,lO) a r e  
- 
- /7 y c o s y  ( Tp, t I I /L 
4 /5; - n-ee c o s y C F p z  + I ) / L  
Local Liner E f f e c t s  
I n  t h i s  appendix, we ob ta in ,  by a method s i m i l a r  t o  
t h a t  used by C a n t r e l l  and Hart  ( ) , an express  ion f o r  t h e  
acous t i c  growth c o e f f i c i e n t  f o r  a volume V enclosed by a 
su r face  S .  The d i f fe rence  between t h e  approach he re  and 
t h e  one i n  the  reference  i s  t h a t  the  ordering assumed i n  
t h e  flow q u a n t i t i e s  i s  c o n s i s t e n t  with t h a t  presented i n  
Chapter 2 .  I t  w i l l  thus  be necessary t o  proceed t o  t h i r d  
order  f o r  t h e  sur face  flow q u a n t i t i e s .  
The bas ic  assumptions here  a r e  t h a t  volume-loss (or  
ga in )  mechanisms a r e  omit ted,  and t h a t  t h e  flow f i e l d  i s  
i r r o t a t i o n a l  and i sen t rop ic .  The bas ic  equat ions can be 
found i n  the  reference ,  and t h e  energy equation can be 
w r i t t e n  a s  follows (analogous t o  Eq. (14) of t h e  r e fe rence ) .  
where the s p b s l s  of the flow quantities are dimensional 
and have their conventional meanings, subscripts denote the 
2 a 
orde r  of  t h e  p e r t u r b a t i o n  (e.9.  v =: v + 3 e t c .  ) and < > 
0 1 ' 
deno te s  a t ime average much l a r g e r  than  a per iod  of o s c i l l a t i o n  
b u t  y e t  much smal le r  t han  any t r a n s i e n t  t ime.  U t i l i z i n g  t h e  
c o n t i n u i t y  and momentum equa t ions ,  t h e  above can be rear ranged  
t o  (analogous t o  Eq. (15) o f  t h e  r e f e r e n c e ) .  
Performing t h e  i n d i c a t e d  expansions ,  u t i l i z i n g  t h e  equa t ion  
o f  s t a t e  and t h e  i s e n t r o p i c  r e l a t i o n ,  cons ide r ing  t h a t  pl, p l ,  
vo)  v1 " a r e  a l l  of  t h e  same o rde r  a t  t h e  s u r f a c e  bu t  t h a t  pl, 
v v1 a r e  a l l  o f  t h e  same o rde r  i n  t h e  volume, wi th  p2 << P 1 '  0 '  
PI, p 2  << D l ,  V 2  << V1 everywhere, t h e  above becomes (analo-  
gous t o  E q .  (16) of t h e  r e f e r e n c e )  . 
at Assuming t h a t  any f i r s t - p e r t u r b a t i o n  f low q u a n t i t y  g ,  - e , 
t h e  above becomes (analogous t o  E q .  (17) of t h e  r e f e r e n c e ) .  
w h e r e  subscript n denotes  normal  component, 
I n  t h e  n o t a t i o n  of Chapter  2 ,  we have a t  t h e  s u r f a c e  
- 
+C -- E Cz ( e c o s  + g . s h  w t )  (c-10) 
where t h e  c o e f f i c i e n t  a i s  a  func t ion  of  p o s i t i o n  and i s  of  
o rder  u n i t y  o r  l e s s .  I n  t h e  volume, we can say t h a t  
S u b s t i t u t i o n  of  Express ions  (C-5  t o  1 2 )  i n  Eq. (c-4),  and pe r -  
forming t h e  t i m e  averages  g i v e s  
t?J = r a ' ~ ' ~ ~ M / e  + 
(c-13) W ( E F ~ ) ' ~ ~ &  [ ~ e  - N g p  + m 3 C ~ ~ , ) J  
p, a ( N '  f N & ) / E  $/G 
where G i s  a p o s i t i v e  c o n s t a n t  of 0 ( c 4 ) .  Thus we can w r i t e  
where K i s  a  p o s i t i v e  c o n s t a n t  of o rde r  u n i t y .  
This  appendix c o n t a i n s  a  computer program w r i t t e n  i n  
F o r t r a n  4 ,  t h a t  c a l c u l a t e s  t h e  l i n e r  response by means of 
t h e  t h e o r e t i c a l  r e s u l t s  p resen ted  i n  Sec t .  2.2. The con- 
s t r u c t i o n  o f  t h e  program is  such t h a t  it i s  convenient  on ly  
f o r  Helmholtz r e s o n a t o r s  o f  f i n i t e  c a v i t y  volume V and f o r  
half-wave o r  m u l t i p l e  half-wave tubes .  For q u a r t e r  o r  m u l t i -  
q u a r t e r  wave t u b e s  (V = 0) , a  d i f f e r e n t  programming technique  
would be r equ i r ed .  
The main program i s  set up i n  such a  way t h a t  c a c u l a t i o n s  
w i l l  proceed w i t h  K = AA/V a s  t h e  running v a r i a b l e ;  i . e . ,  t h e  
r e s u l t s  w i l l  c o n t a i n  informat ion f o r  a  p l o t  s i m i l a r  t o  t h o s e  
presen ted  i n  Sec t .  2 .2 .  Subrout ine  RNEWTl so lves  Equat ions  
(2.2-6 and 7 )  t o g e t h e r  w i th  any necessary  a u x i l i a r y  equa t ions  
presen ted  i n  Appendix B by means of  a  Newton-Raphson i n t e r -  
a c t i o n  method. This  sub rou t ine  i s  used when t h e  o r i f i c e -  
mean-flow v e l o c i t y  (;) i s  non-zero, and i s  r e s t r i c t e d  t o  
v a l u e s  of  w = 2n L/A l e s s  t han  0.3. The theo ry  i s  no t  v a l i d  
f o r  l a r g e r  va lues .  Subrout ine  R N E W T ~  s o l v e s  Equat ions .  (2 .2 -9 )  
and 10) by a  Newton-Raphson method and i s  used when t h e  o r i -  
fice-mean-flow v e l o c i t y  i s  zero .  There i s  no r e s t r i c t i o n  
on t h e  va lue  o f  w i n  t h i s  program, Subrout ine  CRAMER merely 
e v a l u a t e s  a  determinant  and i s  necessary  f o r  t h e  c a l c u l a t i o n s  
i n  subroutine RNEWTE, 
The r e q u i r e d  input  d a t a  i s  t h e  fol lowing:  
MGUESS - t h e  va lue  of M t h a t  w i l l  s e r v e  a s  t h e  i n i t i a l  guess  
f o r  t h e  . i t e r a t i o n  method a t  t h e  s t a r t i n g  va lue  
o f  t h e  running parameter H = A ~ / v .  For succeeding 
va lues  o f  K ,  t h e  va lue  o f  MGUESS is chosen a s  t h e  
va lue  o f  M t h a t  is t h e  s o l u t i o n  f o r  t h e  prev ious  
va lue  o f  K .  I f  no s o l u t i o n  i s  ob ta ined ,  then  
MGUESS i s  no t  changed. The va lue  o f  MGUESS should 
be f a i r l y  c l o s e  t o  t h e  s o l u t i o n  f o r  M i n  o r d e r  t h a t  
convergence be  ob ta ined .  For i n s t a n c e ,  i f  t h e  so lu -  
t i o n  f o r  M i s  2.0, exper ience  i n d i c a t e s  t h a t  reason-  
a b l e  v a l u e s  f o r  MGUESS would range from about 1.0 
t o  3.0. 
NGUESS - h a s  t h e  same r e l a t i o n  t o  t h e  s o l u t i o n  f o r  N a s  does  
MGUESS have t o  t h e  s o l u t i o n  f o r  M. 
ALPBGU - has  t h e  same r e l a t i o n  t o  t h e  s o l u t i o n  f o r  a a s  does  
MGUESS have t o  t h e  s o l u t i o n  f o r  M. Th is  parameter 
i s  important  on ly  when t h e  orifice-mean-flow v e l o c i t y  
(Ti) i s  non-zero (it appears  i n  t h e  a u x i l i a r y  equa- 
t i o n  i n  Appendix B). 1 f  Ti = 0, one could choose ALPBGU = 
1.0.  I n  a l l  c a s e s  t h u s  f a r ,  a  va lue  of  1.0 w a s  found 
t o  be s u f f i c i e n t l y  c l o s e  t o  t h e  s o l u t i o n  (when Ti f 0) 
f o r  convergence t o  be ob ta ined .  
DTAUIG - h a s  t h e  same r e l a t i o n  t o  t h e  s o l u t i o n  f o r  A a s  
does ALPBGU have t o  t h e  s o l u t i o n  f o r  a. This  param- 
e t e r  a l s o  appears  i n  t h e  a u x i l i a r y  equa t ions  pre-  
s en t ed  i n  Appendix B and i s  important  only  when 
- 
u f 0. I f  T i  = 0, choose DTAUIG = 0.0. I n  o t h e r  
c a s e s ,  t h e  proper  va lue  w i l l  depend on t h e  problem, 
a l though  it i s  always t r u e  t h a t  0  S DTAUIG S IT. 
Choosing DTAUIG near  u n i t y  appears  t o  be good f o r  
many c a s e s .  
DTAU2G - h a s  t h e  same r e l a t i o n  t o  t h e  s o l u t i o n  f o r  A72 a s  
does DTAUIG have t o  t h e  s o l u t i o n  f o r   AT,^. 
ALOVES - t h e  s t a r t i n g  va lue  of  t h e  running parameter K = 
AX/V. 
D A ~ M O  - t h e  increment of K = AX/V a t  which t h e  c a l c u l a t i o n s  
proceed , 
UCZB - the v a l u e  of GI for w h i c l l  the c a l c u l a t i o n  is desired. 
EU - the va lue  of e f o r  which t h e  c a l c u l a t i o n  i s  d e s i r e d .  
GU 
SY 
C PC B 
UCAZ B 
CPCAB 
UZ B 
CD 
PAMP 
ETAB 
GAM 
NUMPTS 
ICASE 
- the value of g f o r  w h i c h  the  c a l c u l a t i o n  is  desired. 
- t h e  va lue  o f  J, f o r  which t h e  c a l c u l a t i o n  i s  d e s i r e d .  
- t h e  v a l u e  o f  C f o r  which t h e  c a l c u l a t i o n  i s  d e s i r e d ,  
P I  
- t h e  va lue  o f  cI f o r  which t h e  c a l c u l a t i o n  is  d e s i r e d .  
- t h e  va lue  o f  C 
PI1  
f o r  which t h e  c a l c u l a t i o n  i s  d e s i r e d .  
- t h e  v a l u e  of  u f o r  which t h e  c a l c u l a t i o n  is d e s i r e d .  
- t h e  va lue  o f  CD f o r  which t h e  c a l c u l a t i o n  i s  d e s i r e d  
- t h e  va lue  o f  t h e  l o c a l  non dimensional  chamber pres -  
s u r e  ampli tude c i  f o r  which 'he calcr i l -a t ion is desi red.  
- t h e  va lue  o f  w = 2n ~ / h  f o r  which t h e  c a l c u l a t i o n  i s  
d e s i r e d .  
- t h e  va lue  of 7 f o r  which t h e  c a l c u l a t i o n  i s  d e s i r e d .  T This  parameter i s  important  on ly  when Ti # 0. See 
Nomenclature f o r  i t s  d e f i n i t i o n .  
- t h e  va lue  of y f o r  which t h e  c a l c u l a t i o n  is d e s i r e d .  
- t h e  number of v a l u e s  of  K = AX/V f o r  which ca l cu -  
l a t i o n s  a r e  d e s i r e d .  
- a parameter important  on ly  when u # 0 ,  and i n s t r u c t s  
t h e  program on what set of equa t ions  t o  so lve .  I f  
ICASE = 1, t h e  c o n t a c t  s u r f a c e  i n  t h e  o r i f i c e  f low 
i s  assumed t o  pas s  complete ly  through t h e  o r i f i c e .  
I f  ICASE = 2 ,  t h e  c o n t a c t  s u r f a c e  i s  assumed n o t  
t o  pas s  complete ly  through t h e  o r i f i c e .  When t h e  
s o l u t i o n  f o r  ICASE = 1 e x i s t s ,  it i s  t h e  proper  s o l u -  
t i o n .  See t h e  example c a l c u l a t i o n s  of Sec t .  2 . 2  f o r  
f u r t h e r  unders tanding  o f  t h i s  a s p e c t  of t h e  problem. 
f o r  most problems, nea r  t h e  resonant  p o i n t  o f  oper -  
a t i o n ,  t h e  proper va lue  of  ICASE i s  1. 
I n  o rde r  t o  feed  i n  t h e  above inpu t  va lues ,  one must 
w r i t e  t h e  proper  va lues  on d a t a  c a r d s  i n  t h e  order  g iven  
above, T h e  parameters  MGUESS t o  GAM mus t  be w r i t t e n  i n  
f l o a t i n g  p o i n t  n o t a t i o n  (a decimal  p o i n t  must be present) and 
t h e  f i e l d  a l l o t e d  t o  each parameter i s  10 c h a r a c t e r s ,  S i n c e  
a da ta  ca rd  c o n t a i n s  space f o r  80 c h a r a c t e r s ,  t h e  f i r s t  8 
parameters MGUESS t o  UCZB must be w r i t t e n  i n  t h e  f i r s t  d a t a  
c a r d ,  t h e  nex t  8 parameters  EU t o  CD m;st b e  w r i t t e n  on t h e  
nex t  d a t a  c a r d ,  and t h e  l a s t  4 parameters  must be  w r i t t e n  on 
t h e  t h i r d  d a t a  c a r d .  Only t h e  f i r s t  40 spaces  w i l l  be  u t i l i z e d  
on t h e  t h i r d  d a t a  ca rd .  The l a s t  two parameters  NUMPTS and 
ICASE a r e  i n t e g e r  v a l u e s  (no decimal p o i n t )  and must be w r i t t e n  
on t h e  f o u r t h  d a t a  ca rd .  The number o f  spaces  a l l o t e d  t o  t h e s e  
parameters  i s  10 each and bo th  numbers must be  r i g h t  j u s t i f i e d ;  
t h  i . e . ,  t h e  i n t e g e r  va lue  o f  NUMPTS must end a t  t h e  10 space ,  
and t h e  i n t e g e r  va lue  o f  ICASE must end a t  t h e  2oth space o f  
t h e  f o u r t h  d a t a  c a r d .  
Output 
The program ou tpu t  f i r s t  c o n s i s t s  o f  a  p r e s e n t a t i o n  of  
p e r t i n e n t  in format ion  c h a r a c t e r i z i n g  t h e  run.  Most of t h e  
above input  va lues  w i l l  b e  p r i n t e d  ou t .  The c a l c u l a t e d  re- 
s u l t s  then  appear f o r  each va lue  of t h e  parameter K ,  w r i t t e n  
a s  ALAMOV. R e s u l t s  of each i t e r a t i o n  a r e  p r i n t e d  a long 
wi th  t h e  f i n a l  answer. 
When u = 0, t h e  f i n a l  answer c o n t a i n s  t h e  on ly  two 
v a r i a b l e s  M and N ,  s i n c e  two simultaneous equa t ions  a r e  solved 
(appear ing i n  t h e  ou tpu t  a s  F 1  = 0 and F2 = 0). When ; f 0, 
t h e  v a r i a b l e s  M ,  N. a (ALPB) . A T ,  ( D T A U ~ ) .  and  AT^ ( D T A U ~ )  
appear i n  t h e  calcula tedl  r e s u l t s ,  I r r  g e n e r a l ,  f i v e  simul- 
taneous equa t ions  a r e  solved (FZ = 0 ,  F2 = 0 ,  F3 = 0 ,  F4 = 0 ,  
and F5 = 0). When t h e  word ANSWER appears  be fo re  t h e  f i n a l  
r e s u l t ,  t h a t  result i s  cons idered  a s  a proper  s o l u t i o n ,  
When d i f f i c u l t y  occu r s ,  one o r  more of  t h e  fol lowing 
p r i n t - o u t s  w i l l  occur .  
FOR NONZERO ORIFICE-MEAN-THROUGH-FLOW, W MUST BE SUFFICIENTLY 
SMALL FOR VALIDITY.  VALUE OF W GIVEN IS TOO LARGE. 
The under ly ing  t h e o r y  i s  r e s t r i c t e d  t o  v a l u e s  of w sma l l  
compared t o  u n i t y .  The program w i l l  not  run  i f  w ( w r i t t e n  
a s  W )  i s  g r e a t e r  t h a n  0.3. 
JACOBIAN TOO SMALL, ITERATION WAS STOPPED, BUT LAST RESULTS 
ARE PRINTED BELOW. 
The mathematical  t echnique  employed cannot  converge i f  t h e  
jacobian i s  zero .  This  w i l l  happen when t h e r e  i s  no s o l u t i o n  
t o  t h e  s t a t e d  problem o r  when t h e  v a l u e s  of  MGUESS, NGUESS, 
e t c .  a r e  t o o  f a r  from t h e  s o l u t i o n .  When v a l u e s  f o r  M become 
t o o  l a r g e l y  nega t ive ,  it has  been observed t h a t  no s o l u t i o n  
t o  t h e  programmed equa t ions  e x i s t s .  This  i s  be l i eved  t o  
occur because o f  c e r t a i n  approximations made i n  t h e  theory ,  
These r eg ions  appear t o  be t o o  Ear from resonance t o  be o f  
p r a c t i c a l  concern i n  t h e  op t imiza t ion  problem. 
TOO MUCH ITEMTION, ITEMTION WAS STOPPED, BUT LAST RESULTS 
ARE PRINTXD BELOW 
This print-out will occur when there is no solution to the 
s t a t e d  problem (M becomes too  l a r g e l y  n e g a t i v e ) ,  the  wrong 
va lue  f o r  ICASE was chosen ( s o l u t i o n  of  an improper set o f  
equa t ions  i s  a t tempted)  , o r  t h e  v a l u e s  of  MGUESS, NGUESS, e t c .  
a r e  t o o  f a r  from t h e  s o l u t i o n .  
There a r e  a l s o  c e r t a i n  comments concerning t h e  parameter 
N - 
W I G  ( = zl = u2 = U/R) . The reason f o r  t h e s e  comments is 
t h a t ,  i n  t h e  s o l u t i o n ,  t h e  a r c  c o s  o f  UWIG must be taken .  
I f  t h e  magnitude o f  t h e  o r i f  i c e  mean v e l o c i t y  ii i s  t o o  l a r g e ,  
W I G  w i l l  be g r e a t e r  t han  u n i t y .  Even though t h e  s o l u t i o n  
f o r  R may be l a r g e r  t han  u, f o r  i n t e rmed ia t e  va lues  w i t h i n  
t h e  i t e r a t i o n ,  WIG w i l l  be re-def ined i f  a  wi ld  p o i n t  p re -  
d i c t s  t o o  smal l  a  va lue  f o r  R.  I n  t h e  f i n a l  s t e p  of t h e  
i t e r a t i o n ,  no i n t e r f e r e n c e  i s  made wi th  UWIG,  and i f  R i s  
t hen  t o o  sma l l ,  t h i s  i s  i n t e r p r e t e d  as t h a t  a s o l u t i o n  f o r  
R does n o t  e x i s t  t h a t  i s  l a r g e r  t han  u. The theo ry  i s  n o t  
v a l i d  i n  t h i s  ca se .  Only smal le r  va lues  of u could be 
a  1 lowed. 
Prosram L i s t i n q  
A t  t h e  end of  t h i s  appendix i s  presen ted  a  l i s t i n g  o f  
t h e  program. 
$ JDB TOPi'Oltl 
'1 HS&L M, N, M2, N2, B G U E S S ,  NGUESS 
2 CORMON MGfJPSS, NGFJFSS, W L P B G U ,  DTAU 1 G ,  DTATr2C 
3 C O B E O N  G D ,  UZB, B C ~ B ,  V C A Z B ,  E U ,  err, s u ,  w, PY, ~ r s a ,  E T A B ,  GAR 
4 COYMOB RPSB,  STG, CPCB,  CPGRB 
5 CORMON PCASE 
fi R E h D ( 5 , i D l j  FIGUESS,NGUESS,ALPBGU,DTAUiG,DTArtZG.ALUVES,DAEAPfO,UCZB 
7 READ(5,IOl) EU,GU, SY,CPGB,UCAZB,CPCAB,UZB,CD 
8 READ ( 5 , 1 0 1 )  PAHP, W ,  ETAB,GAE 
9 1 0 1  FORMAT(BP10.4) 
1 0  READ(5,102) NUEIPTS,ICBSE 
11 102  FORMAT (2110)  
12  PY = 3 .1415926536  
1 3  EPSB = PAHP**0.5 
C PHINT-OUT OF' GENERAL INFORHATION 
14 8 CONTINUE 
1 5  WRITE ( 6 , 9 )  
16 9 F O R B A T ( / ~ ~ ~ H  s** *+~* * * * * *ss* *+* * * * * * *%** * * *+* * * * * * * * * * * * * * * * * * * * * * * *  
l*****tf**tt**f*******************************************/) 
17  WRITE(6,IO) IJCZB, EU, GO, S P ,  CPCB 
18 1 0  FORMAT ( 8 H  UCZB = , F10,4 ,5X,  5HEU = ,P10.4,  5X,5HGU = ,P10 .4 ,  5 X ,  
1 5HSY = ,F10 .4 ,  5X, 7HCPCB = , F10 .4 )  
19  WRITE ( 6 , I l )  UCAXB, CPCAB 
2 0 11  FORMAT ( 9 H  I J C A Z B  = , P10 .4 ,  S X ,  8HCPCAA = ,P10 .4)  
2 1 WRITE ( 6 , 1 2 )  CD 
2 2  1 2  F O R M A T  ( 6 ~ 3  cn = , ~ 1 0 . 4 , 4 0 ~ ,  W H A T  IS THE ORIPTCE FLOW REALLY DOING?) 
2 3 WRITE( 6 , 1 3 )  PAMP, EPSB, G A R , W ,  ETAB 
2  4 1 3  FORMAT (8M PAHP = , F10.4 ,  5X, 7HEPSB = , P10. 4,5XU6HGAR = , F10.4,  
1  5X, 4HW = , F10.4,5X,7HETAB = , F  10 .4)  
2 5 IF(UZB) 1 1 5 , 1 1 3 , 1 1 5  
2  6 1 1  3 WRITE ( 6 , 1 1 4 )  U Z B  
2 7 114  PORMAT(7fI UZB = ,F10 .4)  
2 8 GO TO 1 2 0  
2 9 115 GO TO ( 1 1 6 , 1 1 8 ) ,  ICASE 
3 0  I 1  h HRITE ( 6 ,  117) UZB, ICASE 
3 1 117  FOBMAT(78 IJZR = ,F10,4,2X,SHICASE = , I 1 , 6 4 H ,  CONTACT SURFACE I S  A 
1SSUMED TO PASS COMPLETELY THROUGH ORIFICE) 
3 2 G O  TO 1 2 n  
3  3 11 8 WRITE ( 6 , 1 1 9 )  UZB, ICASE 
3 4 119 FC)RMAT{7Ff IJZB = ,F10,4,2X,HHICASE = ,Tl ,hRH, CONTACT S U R F A C E  TS A 
ISSlTHED NUT TO PASS COMPLETELY THROlJGH ORTFICE) 
3 5 120  CONTINUE 
C D O I N G  THE DOG-RORK 
3 6 21 CONTINtIE 
37  RLAMiOV = RLOVES 
3 8  HUM = 1 
39 821  CONTINUE 
4  0  WRITE ( 6 , 9 2 1 )  ALAMOV 
4  1  921  PORHAT(/IOR ALAMOV = ,F10,4) 
42 YF (UZB) 8 2 2 , 8 2 6 , 8 2 2  
4 3 8 2 2  IF(W-0-3  ) 8 2 5 , 8 2 5 , 8 2 3  
4  4 8 2 3  WRPTE (6 ,824)  
SC 5 824 PORMRT(I0SA FOR NONZERO ORIFICE-PIE4N-THROIIGH-PLOWC W CAN'T BE TOO 
? L A R G E  F O R  V A L I D I T Y ,  VALUE OF W G I V E N  XS TOO L A R G E , )  
4 6 GO TO 32 
t6 7 8 2 5  CALL RNEWT1 {~,N,ALPB,DTAU1IDTAU2D&11AP4OV,JACOSR,ITERLG~NEAT] 
Q 8 GO TO 827 
4 4  8 2 0  C & L L  PNELlT2 (Y,N ,W&BE"jOV, JBCOSRVKTERLG,ka. .1AT) 
'30 827 C O N T I N U E  
5 1 f F ( J A @ O S B )  24,24,22 
-96- 
22 URfTE(6,ZJ) 
2 3  F O F H & T ( 8 7 H  J A C 0 B I P . N  T O O  S H A L L d  I T E Z A T I D H  d B S  STClt'PPD, BUT LAST R E 5  
SnLTS A R E  PRYNTFD DIRECTLY BELOW) 
7 4  GDYTINUE 
i P  ( f  T E R L G )  2 7 , 2 7 , 2 5  
2 5  WRITE (6,  2 5 )  
26  ~ O H R A T ( 8 7 H  TtlO PIIICIf JTESATEOW, ITE9RTTON WAS S T O P P E D ,  BUT LIlST R E 5  
liXTS A 3 E  P R I N T E D  DIRECTLY BELOQj  
27 CONTINUE 
I F  (NEAT) 7 2 8 , 9 2 8 , 7 2 8  
7 2 5  MGUESS = # 
NGIIESS = N 
T F ( U Z Q )  5 2 8 , 5 2 9 , 5 2 8  
f 2 S  CONTINUE 
ALPBGIJ = ALPB 
DTAUlG = DTAIil 
DTAU2G = DTAl12 
529 CONTINUE 
GO TO 929 
9 2 9  CONTINUE 
WRTTE ( 6 , 7 2 9 )  
7 2 9  FORMAT (/SOH SOMETHING'S WRONG. S E E  ABOVE COMMENT(S) . QUANTITIES BE  
1LOW SHOULD NOT B E  TRUSTED/) 
9 2 9  CONTZNIIE 
PRINT-OUT OF SPECIFICS 
I F  (NEAT) 5 3 2 , 5 3 2 , 5 3 0  
530 WRITE ( 6 , 5 3  1) 
537 FORMAT (OH ANSWER:) 
532 CONTINUE 
l F ( 1 J Z B )  l i 3 , 6 2 8 ,  1 8  
1 9  CONTINUE 
WRITS ( 6 , 2 8 1  %,N,ALPB,DTACl1 ,DTAfJ2 
2 8  FORMAT ( 5 H  H = , F I U .  4,SX, 4HN = , P l O .  U , S X ,  7 H h L P B  = ,F lO . l i ,  FSX, 
1 RHDTAUI = , P 1 0 . 4 ,  5X, 8HDTAU2 = ,F10.4) 
GO TO 30 
b2P WRIT3 ( 6 , 6 2 9 )  M , N  
6 2 9  FORMAT(5H M = ,F10 .4 ,SX,4 t iN  = ,F10.4) 
30 CONTTNUE 
TFINUH-NUHPTS) 3 1 , 3 2 , 3 2  
31 CONTINnE 
ALAHOV = ALA3OV + DALBMO 
NrJM = N U M  t l  
GO 'PO 8 2  1 
32 CONTINUE 
WRTTE ( 6 , 9 )  
3 5  RETURN 
E N D  
C) 4 SUBROUTINE RNEUT1 (fl,N,ALPB,DTAUl PDTAU2,ALAHOV,JACOS~,ITERLG,NEAT) 
9 5 REAL H, N ,  H2,  N2, MGUESS, NGUESS 
96 DIHENSIO N A ( 5 , s )  
97 DIfiRNSTOW ALP 1 D ( 2 )  , ALP2D (2) , AtP3D ( 2 )  , ALPQD (2) , ALP5D ( 2 )  . 
3 BLP6D ( 2 )  , BET1 D ( 2 )  , BET2D ( 2 )  , BETID ( 2 )  , BET4D ( 2 )  , BET5D ( 2 )  , 
2 BET6D ( 2 )  , DEL1D ( 2 )  , D E L 6 D  (2 )  , DEL7D (2)  , DEL8D ( 2 )  , DEL9B ( 2 )  , 
3 DELlOD(2)  
D I H E E S I O N  PMEAD ( 2 )  , PtfEBD ( 2 )  , PBECD (25 
DIaEHSIOH GllD (2) , G l 2 D  ( a )  , G a l D  ( 2 )  , G 2 2 D  ( 2 )  , XJID [ 2 f  , X J 2 D  ( 2 )  
D I E E N S Y O N  R R S  ( 5 )  , nELVAii ( 5 )  , RSTORP ( 5 )  
CORMON M G U E S S ,  NGTJESS, ALPBGU ETA0 l G B  D T h l J 2 G  
COESON CD, UZR, !JC7,BI RCAZBI & f J ,  C U ,  ST, W, PY, &PAR, ETKB,  GAR 
1 0 3  TO9ROW EPSB, STC,  C P C P ,  Ci?@AB 
1 0 4  C O P X O N  P C A S E  
9 0 5  J W T G  = 0 
1136 NPRT = O 
i: X N L T I R L  CiJESS 
107 f r"l = PlGlJESS 
108 N = N C U E S S  
1 0 9  ALPB = ALPRGU 
1 1 0  DTAUI = DTAUlG 
1 1 1  DTAU2 = nTAil2G 
C CALCIILATIONS NOT DEPENDING UPON M , N , A L P B , D T A l J l ,  DTAfi2 
1 9 2  2 CONTIYIJE 
1 1 3  CD2 = CD*CD 
1 1 4  UZR2 = UZB*IJZB 
I l f  UCZB2 = UCZB*UCZB 
116 E U 2  = EV*EU 
1 1 7  G U 2  = G[J*GU 
118 CSY = C O S ( S Y )  
119  [JCAZB2 = UCA%R*UCAZB 
1 2 0  SV = w 
121 CW = 1 . 0  
1 2 2  CH2 = CW*CW 
1 2 3  sw2 = S W ~ S W  
C CALCnLBTIONS TN S O H E  W A Y  RELEVANT 'TO M,N,ALPB,DTRU I ,  D T A U 2  
CC CSLOULBTION O F  VALUES 
1 2 4  ICOlJNT = 0 
1 2 5  WRITP ( 6 , 1 0 3 )  
1 2 6  1 0 3  F O R M h T ( I O 2 H  TTERATION B Z G I N S  WITH POSSIRLS TNTERFERENCE WITH U W I G .  
1 PPINT-OUT WILL OCCUR WHEN INTERFERENCE T S  MADE) 
127 ? CONTJNITE 
128 I F  (ICOUNT- 1 0 )  8 0 4 , t 5 0 4 , 8 0 3  
1 2 9  8 0 3  ITRRLG = 1 
130 RETURN 
1 3 1  804 TTERLG = 0 
1 3 2  t42 = ?l;rt4 
1 1 3  N2 = N*N 
1-34 R = ( 3 2 + N 2 ) * * 0 . 5  
135 R 2  = M2+N2 
116 R 3  = R Z * R  
1 3 7  a L P 1  = - 3 2 / ( 4 , 0 W n 2 )  - U ! A B 2 / ( 2 . 0 s C D 2 )  + 1JCZB2/2.0 + (EU2+C;U2) /4.0 
138 ALP2 = PI *N/ (2.  C*CD2)  $. EII*GIJ/2,0 
1 3 9  A L P 3  - (M2-N2) / ( 4 . 0 * C D 2 )  f (EU2-GU2) / 4 . 0  
1 4 0  AT,P4 = UCZB*CSY*GU + UZB*N/CD2 
1 11 I ALP5 = UCZB*CSY*EU - UZB*M/CD2 
1 4 2  ALP6 = CPCAB*UCAZR2/2.0 + (ETAB-ALPB) / (GAM-1.0) 
I 4 3  BET1 = (UCZ!32/2.0+ f E U 2 t G U 2 )  /4 .O)  *CPCE 
1 4 4  BET2 = EU*GD*CPCB/?. 0 
1 4 5  BET3 = (EU2-GUZ) *CPCR/4.O 
1 4 6  BET4 = U CZB9CS Y *GU*CPCU 
1 4 7  BETS = UCZB*CSY*EU*CPCB 
1 4 8  G O  TO ( 7 0 4 , 7 0 5 ) ,  I C A S E  
3 4 9  7 0 4  BET6 = UCAZBZ*CPCAB/2.0 + (ETAB-XLPR/GAK) / (GAB-1 - 0 )  
350 D E L I  = - ALPB/GAS f BET? 
1 5 9  GO TO 7 0 8  
152 7 0 5  f P  (UZB) 7 0 6 , 4 0 6 , 7 0 7  
1 5 3  706 BET6 = BLP6 
3 S Q  - -ncPspeaB + BETI  
leis G O  TO 70Y 
'1 56 7 0 7  BET6 UCAZB2*CPCAB/2,O + (ETAR-BEPB / G A R ]  / (GAPf-9 0 )  
t 57 D E L ?  = B E T ?  
158 708 C O N T I N U E  
159 D E L 6  - OZB2/(2,0*CD2) --- W2*CRk?/frb,O*CD2) + UCAZB2/2,0 + 
7 leTR%t-ar,PB) / ( G A R -  1,0) 
?Ef? E E L ?  = R * M s @ W 2 /  f 2, QeCBZ)  
167 D E L 8  I= - ( H Z - N 2 )  *CW2/ (11,O*CB2) 
1 6 2  DEL9 = OZB*N*CW/@D? 
4 6 3 DELI0 = - UZB*B*CW/CDZ 
9 614 UVPG = U Z B f R  
CCC KEEPING UUIG<I.O FOR a I L D  POINTS 
1 6 5  I f  (JWIG) 9 0 4 , 9 0 4 , 9 0 7  
166 904  I F  (ABS (UWIG) -1.0)  9 09,905,905 
1 6 7  905 CONTINUE 
168 U W I G  = 0 . 9 9 9 9 9 9 9 9  
169  R U F  = 0. 0 0 0 1  
170 INTEAF = 1 
171  GO TO h 1 0  
172 907 CONTINUE 
173 INTERF = 0 
174 IF(ABS(UW1G)-1.0) 504 ,502 ,502  
175 502 WRITE ( 6 , 5 0 3 )  
176 5 0 3  FORMAT (115H I T  SEERS THAT U2B IS SO L A R G E  THAT THE TOTBL O R I F I C E  
1BOTION IS NON-OSCILLATORY. THEORY T S  NOT VALID FOR THIS CASE.) 
1 7 7  NEAT = 0 
178 RETURN 
179  504 CONTINUE 
180 R U F  = {R  2-UZE2) **0.5 
181  610 CONTINUE 
182 IP(M) 4 , 5 , 5  
183  U X K  = 1.0 
184 G O  TO 6 
1 8 5  5 XK = 0.0 
186 h CONTTNIlE 
187 ACflnR = ARCOS (-UWIG) 
1 8 8  FHSB = 2.04ACMUR 
1 8 9  PHEA = - PHEB/2.0 - ATAN(N/M) - XK*PY 
190 PHEC = PHEA + PHER 
191 CPHEA = COS(PHEA) 
192 CPHEB = COS(PHEB1 
4 9 3  CPHEC = COS(PHEC) 
194 C3PHEA = COS (3.0*PHEA) 
195 C3PHEC = COS (3.0*PHEC) 
196 C2PHEA = COS (2.0*PHEA) 
197 C2PHEC = COS (2,0*PHEC) 
198  SPHEA = SIN (PHEA) 
199 SPHEB = SIN (PNEB) 
200 SPHEC = SIN (PHEC) 
20 1 S3PHEA = SIN (3,O*PBEA) 
2 0 2 S3PHEC = SIN (3.0*PFlEC) 
2 0 3 S2PHEA = SIN (2.O*PHEA) 
204 S2PHFC = SIN (2.O*PHEC) 
2 0 5 CPCPTI = COS(PHEC + DTAUI) 
3 0 6 SPCPTI = SIN (PNEC + DTRUI) 
2 07 CFAPT2 = COS(PHEA + DTAU2) 
2 08 SPAPT2 -- SIN (PBEA 9 DTRU2) 
209 G I 4  = ( (ALPI-BET1) *SPREC + (DELI-AZPl) *SPWEB + (BETI-DELI) *SPCP1T1 
9 (wiLP2-BET2) * (CPREA/2- O+C3PHEA/6.O-CPNBC/2.0-C3PBBG/6,0) -6 
2 (ALP3-BETJ)  + (-SPHEA/22 O-S3PHIS&/(i a O + S P N E C /  6 D + 
3 (BLP4-BET&) * (C2PHEB-C2PEIEC) /4 .O -f (AT,PS-BET% *"a;Q--S2PMEA)SZPHEC) /rl, 
LI. + ALPCjaPHPBb2 O Q2,0*PY-PMEB) &BFT5/3- 0 ) / P P  
248 G I 2  = 4 - (ALPI -BETI )  *GBHEC + ( R L P 1 - D E L I )  *CPHEA + (DEE1 -BETI)  * 
- 9 9- 
1 C P C P T ?  + (ALP2-BET2)*(-SPWEA/L.O -$-S31'HEA/6,C -f- S P H E ( J / 2 , O  - S 2 P R E C /  
2 6 - 0 )  4 (RLPq-RET3)  * (-CPFIE&/2e0+C3PMEA/6,0+CPNEC/2, 0-63PNEC/6, c) + 
3 (ALP&-BET&) .~r fS2PHEA-S2PMEC) /@, O + (AP'PS-BET3 )+QC2C"B&A-C"2PBEC) ,f4. 0  
4 f- &LPQ*PYEB/2,0  + (2,0*PU-FRED) *STT4/2,0 ) /PY 
G 2 1  = ( (SPBPT2-SPHEA) +ALP6 + (SPREC-SPAPT2) *BETS + (SPBEW-SPAEC) 
1 &Dl3136 + ( C B B E C / 2 ,  d)C3PHEC/S * 0-CPHPW/2 0-C3PNERP6 0  E L  + (SPHEA 
2 /2.0+S3PHEA/6.O-SPHEC/2.0-SSPNEC/~. 0) *DELB + fC2PHEC-C2PHEA) * 
3 DEL9/4.0 $. ( (2 .0*PY-PHEB)/2 .0  + (SJPHEA-SZPHEC)/4 .0)*  DELI0  ) /  
4 PY 
G L 2  = ( (CPHEA -CPAPT2) *BLP6 4 (CgAPT2-CPHEC) *BET6 (CPHEC-CPHEA 
1 )+DEL6 + (SPHEA/2.0-S3PHEA/6.O-SPHEC/2.O+S3FHEC/6.0)*DEL7 + 
2 (CPHEA/2.o-C3PHEA/6.0-CPHEC/2.0tC3PHEC/6.0 E L  + ( ( 2 .  Q*PY-PAEB 
3 ) /2 .0  f (S2PHEC-S2PHEA) /4 -0 ) *DEL9 + (C%PHEC-C2PBEA) *DEL10/4.0 ) 
4 /PY 
2 1 3  XJ1 = ( (DELI- ALP11 * (PfTEA-PBEC) + (BETA-DELI) *DTAUI + 2.0*PY*DELl 
1 f (SPHEA-SPHEC) * (BETS-ALP5) *2. O + (CPHEA-CPREC) * (ALP4-BET4) * 2 .  O + 
2 (S2PHEA-S2PHEC) * (BET3-BLP3) + (C2PBFA-C2PtIEC) * (ALP2-RET2) 1 / ( 
3 2.0*PY) 
3 1 4  KJ2 = ( (DEL6-BET6)s  (PHEA-PHEC) + (ALP6-RET6) *DTAtI2 + 2.0*PY*DEL6 
1 + (SPBBA-SPHEC) *DEL10*2.0 + (CPHEC-CPHEA) *DEL9*2.0 + (SIZPfiEA- 
2 S2PHEC) *DEL8 + (C2PHEC-C2PHEA) *DEL7 ) / (2 ,0*PY) 
3 1 5  7 CONTINTIE 
2 1 6  F1 = EPS B*G12 - PPSB*G22*CW - EPSR*SW2*N*UZB - (ALAHOV+CW/{2.0*PY) 
1 - SW) *M*CW 
2 17 f 2  = - E P S B + ( G l l  + l.O/PJAM) + EPSfl+G2lsCW - EPSB+SW2*M*UZ8 + 
1 (ALAHOV*CW/ [2.O*PY) -SW) *N*CR 
218 P3 = XJI - XJ2 ) (GAM-1.0) *SF12*R2/4.0 
2153 838  C O N T I N U E  
2 2 0  GO TO (9,9) , TCASE 
2 2 1  H CONTINUE 
2 2 2  F4  = U f EPSB*IJZB*DTAlfl - EPSB*R* ( 1  -0-COS (DTAU 1)  ) 
2 2 3  P 5  = W - EPSS*UZR*DTAfJ2 - EPSR*H*(l.O-COS (DTAU2)) 
2 2 4  GO TO 1 0  
2 2 5  '7 IF(UZB) 9 0 9 , 9 0 9 , 9 1 0  
? 2 6  {30'3 F4  = 2.0*rJZR6ACMUW f UZB*DTADl + RIIF* ( I  . O  fCOS (DTAUI))  - UZB* 
1 SIN(DTAU1) 
?27 F5 = DTACJ2 
2 2 8  G O  TO 1 0  
229 910 F4 = DTAU1 
2 3 Q  F5 = 2,0~UZR%ACfiUW - UZR9DTAU2 f RVF*(I .OfCOS (DTA112) ) f UZB+ 
1 STN(DTAU2) - 2.0*PY*UZB 
2 3 1  10 CONTINUE 
CC CALCULATION OF DERIVATIVES 
2 3 2  ALPlD(1)  I - fi/(2.O*CD2) 
2 3 3  ALPlD (2 )  = - N/(2.O*CD2) 
2 34 ALPlAB = 0 . 0  
235 ALP2D ( 1 )  = N/{2.0*CD2) 
2 36 ALP2D (2 )  = M/ (2.O*CD2) 
2 3 7  ALP2AR = 9 . 0  
23 13 ALP3D( l )  = ALPlD(1)  
739  A L P 3 D  (2)  = - ALP1 D ( 2 )  
2 U 0 ALP7AB = 0 . 0  
24  1 RLP4D(1) = 0 . 0  
2 &2 ALPQD ( 2 )  = UZ3/CD2 
2 4 3  ALP46B = 0.0 
ALP5DfI) = - UZB/CD% 
245 ALP5D ( 2 )  = 0 - 0  
?Yb AEP%%23 = 0 - 0  
2167 R L P O D f f )  = 0 - 0  
2 4 8  ALPhO(2)  = 0 - 0  
WLPhlB - j,O/(GAM-I,O) 
s e T ? r r c q  = oo ,o  
R C T t D Q 2 )  0 - 0  
DETIAB = 0-0 
B E T 2 n ( q  = 00,0 
f i E T 2 D ( 2 )  -- 0,0 
BET221E = 0, f) 
B E T ~ D ~ ~ )  = o ,o  
RET3D(2) = 0.0 
BE'E3AB = 0.0  
BETtrD(1) = 0.0 
BETQD(2) = 0.0  
BET4AB = 0.0 
BETSD(I) = 0.0 
BETSD(2) = 0.0 
BETfPAB = 0.0 
GO TO ( 7 1 0 , 7 1 1 ) ,  I C A S E  
' 390  RETBD(1) = 0.0 
8ETljD(2) = 0.0 
BET683 = - 1,O/(GAM*(GAM-1.0)) 
DEL1D(1) = 0.0 
DELlD(2) = 0.0  
D E L l A B  = - 1.O/GAH 
G O  TO 714 
714 PP(I1ZB) 712,712,713 
712 BETfiD(1) = ALPhD(1) 
B&T6D(2) = ALP6D(2) 
BET6AB = ALP6AB 
DELlD(1) = 0.0 
DELlD(2) = 0.0 
DEEIAB = -I.O/GAH 
G O  TO 714 
7 4 3  RET6D(1) = 0.0 
BET6D (2) = 0.0 
BRT6AB = -1.O/ (GAR*  (GAH-1.0) ) 
DELlD(1) = BETlD{1) 
DELlD(2) = BETID(2) 
DELlAB = RETlAB 
7 2 4  CONTINUE 
DEL6D ( 1 )  = ALPID ( I )  *CW2 
DELGD(2) = ALPID(2)*CW2 
DELGAB = ALP6AB 
rlEL7D (1) = ALP2U ( I )  *C82 
DEL7D (2) = ALP2D ( 2 )  *CW2 
flEL7AB = 0.0 
I lEL8D [ I )  = BLP3D (1)  *CW2 
PEL 8D (2 )  = ALP 3D ( 2 )  *CW2 
BEL8AB = 0 , 0  
DELgD(1) = 0.0 
DELQD (2)  = ALP4D ( 2 )  *CW 
DEL9AB = 0 - 0  
DELlOD(1) = ALPSD(I)*CH 
D E L ' D 0 0 ( 2 )  = 0 - 0  
D E L I D A  = 0 - 0  
Ri.r = 14/43 
RE = NN/R 
'JWLGW = -DZB*WB/R2 
UWPGN = - U Z B * R B / R 2  
PAEBD (3) 2,0*UBTGH*R/A%II%" 
PAEBD (2) = 2,04"UWIGPJ*B/RUP 
PHEAD(1) = - P H E B D ( 4 )  / 2 , 0  + N / B 2  
~ w ~ a o ( 2 )  = - ~ s e ~ u ( z ) / z , o  - ~ / a 2  
P R Z C D ( 1 )  = PHEAD (11  PHFBDl1)  
P H R C D ( 2 )  = PHEIAD(2) + PHEBD(2) 
1 1  C O N T I N U E  
G I  ?A13 = (DELlAB*SPHEA - DELI AB+SPCPTl )  /PY 
GllDT1 = ( ( B E T ? - D E L I f + C P C P T ' " \ / " Y  ' I  / = 
G l l D T 2  = 0 .0  
G12AB = (-DELI I\B*CPHEA f DELI AB*CPtPTl)  /PY 
G12DT1 (- (DELI-BRTI)  * S P C P T I )  / P P  
G12DT2  = 0.0  
G21AB = (ALPtlAB* (SPAPTL-SPHEA) + BFTGAB* (SPRFC-SPAPT2) ) DELGAB* 
1 (SPHEA-SPBEC) ) /PY 
G21DT1 = 0 . 0  
G21DT2 = (ALP6-BET6) *CPAPT2/PY 
G22AU = (ALP6AB* (CPHEA-CPAPT2) + BEThAR* (CPAPT2-CPHEC) + DEL6AR* 
1 (CPBEC-CPHEA) ) /PY 
G22DT1 = 0 . 0  
G22DT2 = {ALPb*SPAPT2 - BET6*SPAPT2 ) / P Y  
X J I A B  = ( (PHEA-PHEC-DTAUIf2-O*PY)*DELIBB ) / (2 .O*PY)  
XJ1DT1 = ( BETA-DELI)/ (2.0*PY) 
X J l D T 2  = 0 . 0  
KJ2AB = ( PFIEA* (DEL6AB-BET6AB) + PHEC* (BRT6AB-DEL6AB) + DTAU2* ( 
1 ALP6AH-BET6AB) + 2.O*PY*DEL6AB)/(2.0*PY) 
XJ2DT1 = 0 . 0  
YJ2DT2 = ( A L P 6 - B E T 6 ) / ( 2 . 0 * P I )  
,J = 1 
1 1  CONTTHIIE 
G l l D A  = ( (ALP ID  ( J )  -BETID ( 3 )  ) *SPHEC 4- (A1,Pl-3RT1) *CPHEC* 
I PHECD ('1) + (DELI  D ( J )  -ALPID ( J )  ) *SPHEA -j- (DEL1-ALP11 *CPHEA*PHEAD (3)  
2 -+ (BETA D ( J )  -DEL ID ( J )  ) *SPCPT1 + (BRTI -DELI )  +CPCPTI*PHECD ( J )  + 
3 (ALP2D ( J )  -BET2D (J) ) * (CPHEA/2.O+C3DHEA/6.O-CPHEC/. 0 - C P H  0 )  f 
4 (AT,P2-BET2) + (-SPBEA*P HEAD ( J )  /2.O- 3.O*S3PAEA*PHEAD ( J )  /6.O+SPHEC* 
5 P H E C D ( J ) / 2 . 9  +3.O*S3PHEC*PHECD(J)/6.0) + ( A L P 3 D ( J ) - B E T 3 D ( J ) ) * ( -  
6 SPHEA/2.0-S3PHEA/6.O+SPHEC/2.O+S3PHEC/6.0 ) / P Y  
G l l D B  = ( (ALP 3-PET31 * (-CPNEA*PHEAD ( J )  /2.0-3.0*C3PHEA*PHEAD (J )  
1 / h a  0 + CPFIECIPHECD ( J )  /2 .0+3,0*C3PH EC*PHECD (J) / 6 . 0 )  + (ALP4D ( J )  - 
2 RFT4D (J) ) * (C2PHEA-C2PF!EC) /4 .  O + (ALP&-BET4) * (-2.0*S2PHEA*PHEAD (J) 
3 +2,0*S2PHEC+PHECD ( J )  ) /4.0 + (ALPSD ( J )  - B E T 5 D ( J ) )  *( -S2PHEAtS2PHFC) 
4 / 4 . 0  + (RLP5-BET5) * (-2,O*C2PHEA*PHEAD ( J )  + 2,0*C2PHEC*PHECD(J)  ) 
5 / 4 . 0  + A L P 5 D  ( J )  *PHEB/2.OfALPS*PHEBD (J) /2.O +RRT5D ( J )  *PY-BETSD ( J )  * 
6 PHEB/2 ,0  - RET5*PHEBD ( J )  / 2 . 0  ) /PY 
G A l D ( J )  = G l l D A  + G l l D B  
G12DA = ( (BETID ( J ) - A L P I D  (J) ) *CPRRC - (SET1-ALP?)  *SPHEC*PHECD ( J )  
1 + (ALP1 D ( J )  -DELID ( J )  ) *CPHEA- (ALPI -DELI )  *SPHEA*PHEAD(J) + (DELID (J  
2 ) -BETID (J) ) 6CE'CPTI - (DELI-BETI)  aSPCPT l*PHECD ( J )  f (ALP2D ( J )  -BET2D 
3 (J)  ) * (-SPHEA/2.0fS3PHEA/6.0+SPHEC/2.0-S3PHEC/6.0) -#- (ALP2-RET2) * 
4 (-CPHEA*PHEAD(J) /2.0+3.0*C3PHEA*PF!EAD ( J )  /6 .0  SCPHEC*PHECD (J) / 2 . 0  
5 - 3,0*C3PHEC*PHECD ( J )  / 6 . 0 )  t (ALP?D ( J )  -RET3D (1) ) *(-CPHEA/2.0+ 
6 C3PHEA/6. O f CPHEC/2.O-C3PHEC/G. 0 )  ) /PY 
G12DB = ( ( ALP3-RET3) * (SPHEA*PHEAD (J) /2.0-3. *S3PHEA*PfIEAD ( J )  / 6 . 0  
1 - SPHEC*PHECD ( J )  /?. 0 4 3 3  O*S3PWEC*PHRCD(J) / 6 . 0 )  t (ALP4D (3) -BETQD ( J )  1 
2 * (S2P!lEA-S2PHECf / 4 . 0 +  (ALP4-BET4) * (2.O*C2PHEA*PHFAD [J) -2 .O*C2PHEC* 
3 PHECD ( J )  ) / 4 . 0  -#- (ALPSD (J) -BET5D (J) ) * (C 2PHEA-C2PHEC ) / 4 ,  0 .b (ALPFi- 
4 BETS) * {-2.O*S2PHEA+PREAD (J) +2eOtS2PBEC+PBECD ( J )  ) / 4 - 0  .f. ALPQD {J) * 
",Pt.i5/2,0 + ALPLI*PREBD (J) / 2 *  0 + RET4D (3) +PU- BPT4D ( 3 )  *PBEB/2,0 - 
6 BETrl*PHP,BD (J) /2 ,O ) /PU 
GlTD (Jf = G U D R  + 6 1 2 D B  
G2lDA ( ALP643 ( J l *  (SPWPT2-SPHEA) + ALPC;* (CPWPT2*PAEkU(J) -CPHEA* 
7 PfYEAD (J) ) + BETbD (J) * (SPBEC-SPWPTZ) + BpTG*(CPBEC*F"WECD (9) -CBPiQT2 
-102- 
2 *PHEAD (*7) ) 4 DSSL6D ( J )  * (SPHEa-SPWEC) + DELQ*~CPHEk+PHEAB (3) -CPWEC* 
3 PHECD [J) ) n E t 7 D  (J) * (CPHEC/2-  O+C3PWEC/6- 0-CPA2A/22 0-C3PHEA/61 ;  0 )  
lk + D E L 7 *  (-SBHEC*PNECD ( J )  /2 .0-3*  O*S3PARC*BHECD (J) J6.0+SPMEA*PBEW D 
5 ( Z )  / 2 , 0  + ? * G * S l P ; i E A + P H E B D { J )  / f~ 1 /PY 
G 2 l  DB = ( D E L 8 D  ( J )  8 (SPHEA/2,n+53Pf?E&/h O-SPHEC/z. o-SlPHEC/6,0) 
I UELEI* jCPBEB*PlJiEAD ( J ) / L  0+3,0*CPMEk*PPIEID (J) /'6,O-GPNE@*PHECD (J) / 2 ,  
2 - 3,0*C.'tPHEG*PHECD (9) J 6 - 0 )  -4 DEE9D %J) * ( C 2 P B E C - 6 2 P R E A )  i 4 . 8  + DELq* 
3 ( -2 ,O*S2PHEC*PBECD (J) +Ze0*S2PHEA*PREeiD(J)) /4 .  8 4 DEL10D {J) * ( ( 
4 2 .O+PP-PBEB)/2 ,O -$. (S2PWEA-S2PBEC) j 4 . 0 )  + DELlO*f -PWEBD(J ) /2 .0  + 
5 (2,0*C2PHEA*PHEAD ( J )  -2,O*C2PHEC*PHECD (3) ) / 4 . 0 )  ) /PY 
G 2 1 D ( J )  = GZlDA + G21DB 
G 2 2 D h  = ( ALP6D ( J )  * (CPHEA-CPAPT2) + ALP6* (-SPHEAtSPAPTZ) *PHEAD ( J )  
1 $ BET6D ( J )  * (CPAPT2-CPHEC) + BETG* (-SPAPT2*PHEAD ( J )  +SPHEC*PAECD (J) 
2 ) -+ DEL6D ( J )  + (CPHEC-CPBEA) + DELG* (-SPHEC*PHECD (J) $SPAEA*PHEAD(J 
3 ) ) t D E L 9 D  ( J )  * ( SPHEA/2,0-S3PHEA/6.O-SPHEC/2.0 +S3PHEC/6.0)  + DEL9 
4 * (CPHEA*PHEAD (J) /2 .0-  3.0*C3PHEA*PH EAD ( J )  / 6  * 0- CPHEC*PHECD ( J )  1 2 .  O t  
5 3.0*C3PHEC*PIiECD ( J )  /-) + DELBD ( J )  * (CPIiEA/2,0-C3PHEA/6 .O-CPKEC/ 
6 2 .0+C3P  HEC/6.O) ) /PY 
3 4 4  G22DB = ( DEL8* (-SPRIEA*PHEAD ( J )  /2.0+3.O*S3PHEA*PFiEAD (J) /b.O+SPHEC 
1 +PHECD (J) /2.0-3.O*S3PHEC*PHECD (J) / 6 . 0 )  $ DELOD (J) * ( (2.0*PY-PHFB) 
2 / 2 . 0  (S2PHEC-S2PHEA) /a. 0 )  + DEL9*(-PXEBD ( 5 )  /2.O + (2 ,0*C2PHEC* 
3 PBECD ( J f  -2.O*C2PHEA*PtIEAD ( J )  ) /4 - 0 )  $. DEL ?OD ( J )  * (CLPHEC-C2PHEA) /4 .  
4 ) DEL 1 0 *  (-2.O*S2PAEC+PHECD (J) + 2.0*52PFIEA*PHRAD ( J )  ) /II. O ) /PY 
3 4 5  G 2 2 0  ( J )  = G22DA + G22DR 
3 4 6 KJIDA = P H E A D ( J ) * ( D E L l - A L P ? )  + PHEA*(DELlD(J)-ALPlD(J)) + 
1 PHECD ( J )  * (ALP1-DELI) PHEC*(ALPI D ( J )  - D E L l D ( J )  ) $. DTAUl* (BETAD ( J )  
2 - D E L I D ( J )  ) +  2.0*PY*DELID (J)  + 2.O*(CPHEA*PHEAD(J) -CPHEC*PHECD ( J )  ) 
39 (BETS-9LP5)  4 2 . 0 s  (SPHEA-SPHEC) * (BETSD ( J )  -ALPFiD ( J )  ) + 2 .  O* (-SPHEA 
4 *PHEAn (J) +SPHEC*PHECD (J) ) * (ALP&-BET4) + 2. O* (CPHEA-CPHEC) * ( 
5 ALP4D (J) -BET4 D ( J )  ) ) / (2,O*PY) 
X J l D B  = 2.O* (C2PHEA*PfIEAD ( J )  -C2PHEC*PRECD (3) ) * (BET3-ALP3) t ( 
1 S2PHEA-S2PHEC) * (BET3D ( J f  -ALP3D (J)  ) + 2 - 0 *  (-S2PHEA*PHEAD (J) t S 2 P H E C  
2 *PHECD ( J )  ) + (ALP2-BET2) + (CZPHEA-C2PHEC) * (ALP2D (J) -BET2D (J )  ) ) / 
3 (2 *0 *PY)  
S J I D ( J )  = X J l D A  $. XJIDB 
KJ2DA =: ( PHEAD (J)  * (DELG-BETb) t PHEA* (DELhD ( J )  -BETGD(J)  ) $. 
1 PIiECD ( 5 )  * (DET6-DEL6) + PHEC* (BET6D (J) -DEL6D (J) ) + DTAU2* (AZP6D ( J )  
2 -BET6D (J) ) /. 2,O*PY*DELGD (J) + 2.  0 *  (CPAEA*PHEAD ( J )  -CPBEC* PHECD ( J )  
3 ) # D E L I 0  $. 2.O*(SPNEA-SPHEC)*DELIOD(J) ) / ( 2 . 0 * P Y )  
XJ2DB = ( -2 .  O* (-SPHEA*PKEAD ( J )  $. SPHEC*PHECD(J) ) *DEL9 - 2 .  O* ( 
1 CPBEA-CPHEC) *DEL9D (J) + 2 .0*  (C2PHEA*PHEAD (J)  - C2PHEC*PHECD ( J )  ) * 
2 D E L 8  -+ (S2PREA-S2PBEC) aDEL8D ( J )  a 2. O* (-S2PHEC*PHECD(J) + S2PHEA* 
3 PIIEAB ( J )  ) *DEL7 $. (C2PFIEC-C2PHEA) *DEL3D ( J )  ) / ( 2 .  O*PY) 
X J 2 D ( J )  = XJ2DA ) XJ2DB 
I P ( J - 1 )  1 3 , 1 3 , 1 4  
13 COHTINUE 
G 1 1 B  = G t l D f J )  
G12M = 6 1 2 D ( J )  
G21B G 2 1 D ( J )  
G22M = G22D ( J )  
X J f B  = X J f D ( J )  
X J 2 M  = X 9 2 D ( J )  
J = 2  
G O  TO 7 2  
? L b  CQNTIWflE 
GSlN = 6 4 1 D ( J )  
G 1 2 N  = G 4 2 D ( J )  
G24N = C d l D g J )  
C228 = C 2 2 D i J )  
X J l N  = X J 1 I B ( J )  
-103- 
XS23 Y t J 2 D ( J )  
35 CONTINUE 
P'!H = %PSB*G 1 hB-  FPSB*G22B*CW - (BEAMOV*CI.I/ [ 2 , O * I ? Y )  -SW) * C #  
"'IN EPSBaG12N - EPSB*G22N*CW - EoSF+SWZ*fJZ3 
P l A R  EPSB*G12AB - EPSB*G22AB*CW 
PlDTl = SPSB*G12DT1 - EPSR*G22DTI+CW 
PIDT2 = EPSBsGI2DT2 - EPSB*GL2DT20CA 
F2R = - EPSB*G11R / PPSB*G21H*CW - EPSB*SW2*0ZB 
P2N = - EPSB*G 11N + EPSR*G21 N*CW + (ALABOV*CW/ (2*0*PY) -SW) *CW 
P2AB = - EPSB*GllAB + EPSB*G21ABtCW 
P2DT1 = - EPSR*GllDTl + EPSB*G21DTl*UW 
P2DT2 = - EPSB*GllDT2 + EPSB*G21DT2*CW 
F3H = XJ1M - XJ2N + (GAR-1.0) *SW2*2.0*F!/'4.0 
P3N = X J l N  - XJ2N + (GAR-1.0) *SU2*2.0*N/Y.O 
F3AE = XJIAB - XJ2AB 
F3DT1 = XJlDTl - XJ2DT1 
F3DT2 = X J  1DT2 - XJ2DT2 
877 CONTINUE 
GO TO ( 1 6 , 1 7 ) ,  ICRSE 
1h CONTINUE 
F4fl = -E PSB*RB*  (1.0-COS (DTAU 1) ) 
F4N = -EPSB*HN* (1.0-COS (DTAUI) ) 
F4AB = 0 . 0  
F4DT1 = EPSB*UZB - EPSB*R*SIN (I>TArJ'l) 
F4DT2 = 0.0 
F5B = -SPSB*R8* ( 1  .'I-COS (DTn02) ) 
F 5 N  = -EPSB*RN* ( 1  -0-COS (DTAU2) ) 
F5AB = 0 . 0  
PfjDTl = 0.0  
FSDT2 = -EPSB*TJZB - EPSB*R*SIN (DTAU2) 
GO TO 18 
17 IF ( U Z B )  9 1 7 , 9 1 7 , 9 1 8  
917 F4M = 2.0*UZB*UWtGR*R/RUF + R*RH* ( 1  .O+COS (DTAU1) ) 
1 /RUP 
F4N = 2. O*UZB*UWIGN*P/RUP + R*RN*(l.O+COS(DTAUI)) 
1 /RTTF 
F4AB = 0.0  
F4DTl = IJZR-HffP*SIW (DTRU1) - U Z B * C O S  (DTAIJ?) 
F4DT2 = 0.0  
F514 = 0 . 0  
F5N = 0.0 
FSAB = 0 . 0  
F5DT1 = 0.0 
FSDT2 = 1 ,Cf 
G O  TO 1 8  
918  n4M = 0 . 0  
F4N = 0.0  
F4A9 = '3.0 
P4DT1 = 1.0 
P4DT2 = 0 . 0  
F5M = 2,0*UZB*UWIGP*R/RUP + R*RH* (1  .o+COS (PTAU2) ) 
7 /ROF 
F5N = 2,0*UZB*UMIGH*R/RUF / R*RN* ( 2  .O+COS ( D T B U 2 )  ) 
1 /ROF 
F 5 A B  = 0 - 0  
P5DT1 = 0.0 
P 5 D T 2  = - U Z B  - RBF*SIN (BTAU2)  Jr UZB*COS ( D T A U 7 )  
1 8  C O N T T N l l S  
k ( 4 , i ; )  = F3R 
R ( 3 , 2 )  = F'lN 
~s; % I , P )  -= p l a e  
A g l , Y )  = FlDTl  
k ( 1 , 5 )  = P3DT2 
W ( 2 , l )  = P2W 
A(2,2f = P2N 
B ( 2 , 3 )  =t F Z B B  
AQ2,rB) = P7DT4 
A ( 2 , 5 )  = F2DT2 
9 [3 ,1 )  = F3M 
A(3 ,2 )  = P3N 
A ( 3 , 3 )  = P3AB 
A(3 ,4 )  = F3DT1 
9 ( 3 , s )  = P3DT2 
h [ & , I )  = F4M 
A (4 ,2 )  = F4N 
A ( 4 , 3 )  = F4AB 
A ( 4 , 4 )  = F4DT1 
A(4 ,5 )  = F4DT2 
4(5,1) = F5PI 
R(5 ,2 )  = F5N 
A ( 5 , 3 )  = FSAB 
A ( 5 , 4 )  = F5DT1 
A ( 5 , 5 )  = F5DT2 
R H S ( 1 )  = - F1 
R H S  (2 )  = - F2 
R H S ( 3 )  = - F3 
RRS (4)  = - P4 
R H S ( 5 )  = - F5 
IJRITE (6, Q 18) I:COUNT,PI,N,ALPBIDTAU1,  D T A U 2  
8 1 8  FORHAT(1 1B I ' P E R R T I O W - , 1 2 , 7 H :  M = ,E13.6,2K,4HN = ,E13.6,2X8 
4 7 H A L P 9  = ,El3.6,2X,8HDTAUl = ,E13.h,2XI8HDTAU2 = ,E13.6)  
WRITE ( 6 , 8 1 9 )  F l W F 2 , F 3 , P 4 , F 5  
819 FORMAT ( 6 H  F1 = , E l  3.6,2X, 5AF2 = ,E13.6,2X,5 HP3 = ,E13,6 ,2X,  5HF4 = 
l 8E13 ,6 ,2X,5HF5  = , F13 .6 )  
IF(INTERw) 1 1 9 , 1 2 0 , 1 1 9  
1 1 s  WRITE (6 ,906)  I J W I G  
906 POR%AT(53H VALTJE OF U W I G  PREDICTED FROB PREVIOTJS T T E R A T I O N  WAS , 
1  E73.6,36H8 BUT VALUE USED HERE WAS 0,99999999) 
1 2 0  CONTINUE 
CALL CRAM ER (A, DETEHH) 
XJACO = DETERM 
VRITE (6 ,919 )  XJACO 
9 1 0  FORRAT(12H JACOBIAN = ,E13.h)  
TP (ABS (XJACO) - 0.O000000001)  1 9 , 1 9 , 2 0  
1 9  JACOSM .= 1 
RETURN 
20 JBCOSM = 0 
no 9 2 2  J = I ,  5 
130 29 T = l , 5  
B S T O R E ( 1 )  = R(E , J )  
A (I ,J)  = RHS(I)  
21 CONTINUE 
GWLL CEAMER { R ,  DETEFM) 
BELVWR ( J )  = DETERM/XJfiCO 
DO 921 T = 1,s 
A(T,J)  -- R S T O R E ( 1 )  
323 GONTPNUE 
922 CONTINUE 
P! = l'4 -$ DELVBR 61) 
N = W + D E E V B R  (2)  
k E P R  = AI,PB -). DELVAR (39 
D T A U l  = DTAU1 4 DEEVRR ( 4 )  
DTAV2 = DTAt i2  + D E I V A R  ( 5 )  
22 CONTPNfYE 
IF ( A B S  ( F 1 )  - 0 . 0 0 0 1 )  2 3 , 2 3 , 2 7  
2 3  TF(llBS(F2j-GeGOO1j 2 4 , 2 4 , 2 7  
2 4  I F  (ABS (F3)  - 0 , 0 0 0 1 )  2 5 , 2 5 , 2 7  
2 5  I F  (ABS (F4) -0 .000  1) 26 ,26 ,27  
26 'IF (ABS (F5) -0 .0001)  2 8 , 2 8 , 2 7  
2 7  CONTTNIJE 
ICOKJNT = ICOlJNT f 1 
G O  TO 3 
CHECKING SMOOTH CONVERGENCE 
2 8  IF(ABS (H) - 0 .000001)  3 0 , 2 9 , 2 9  
2 9  I F  (ABS (DELVAR ( l ) / R )  - 0 .01 )  3 0 , 3 0 , 1 9  
30  TF(A3S (N) - 0 .000001)  3 2 , 3 1 , 3 1  
31 IF (ABS (DELVAR (2 ) /N)  - 0.01)  3 2 , 3 2 , 3 8  
32 I F  (ARS (ALPB) - 0 .000001)  3 4 , 3 3 , 3 3  
3 3  I F  (ABS (DELVAR (3)/ALPB) - 0.01)  3 4 , 3 4 , 3 8  
34 TP (ABS (DTAIJI) - 0 .000001)  36 ,35 ,35  
3 4  TF (ABS (DELVAR (Q)/DTAUI) - 0.01)  3 6 , 3 6 , 3 8  
36 I F  (ABS (DTAU2) - 0 .000001)  4 0 , 3 7 , 3 7  
37 TF(ABS(DELVAR(5)/DTAU2) - 0.01)  4 0 , 4 0 , 3 8  
18 WRTTE (6 ,39)  
39 FORnAT(fi0H CONVERGENCE TOO RAFID F O R  ONE VARTARLR, TRY AGAIN) 
TCOUNT = ICOTINT + 1 
G O  TO 3 
40 CONTTWIlE 
IF ( JUIG1  4 1 , 4 1 , 4 2  
41  T W I G  = 1 
ICODNT = 0 
WRITE (6,  14  1) 
1 4 1  FORNAT 195H ITERATION STARTED A G A I Y  USING PRTVIOUS VALUES, THERE TS 
1 NOW NO POSSTBLE INTERFERENCE WITH DWIG) 
GO TO 3 
42 CONTINUE 
4 7  I F  (DTAUI) 4 7 , 4 4 , 4 4  
44 TF (DTAU2) 47,45,4fF 
4 5  IP(DTAO1-PY) 4 6 , 4 6 , 4 7  
46  I F  (DTAU2-PY) 4 9 , 4 9 , 4 7  
47  NEAT = 0 
WRITE ( h , 4 8 )  
4 8  FORHAT( 83H AT LEAST ONE VARIABLE I S  OUTSTDE OF ALLOWABLE RANGE, B 
1 UT CALCULATIONS APPEAR BELOW) 
GO TO 50 
4 9  HEAT = 1 
50 CONTINUE 
RETURN 
END 
527 SUBROUTINE R N  EWT2 ( R , N  ,ALABOV, JACOSH,ITERLG,NEAT) 
5 2 8  HEAL n, N ,  aa ,  ~ 2 ,  MGUESS,  NGUESS 
5 2 9 COMMON MGDESS, NGUESS, ALPBGU , DTAU 1G, DThU2G 
5 1 0  COBMON CD,  U Z B I  UCZB, UCAZ?I1 EUff  GL1, S Y ,  W f f  PYB APAP, ETAB, G A B  
5 3 1 COMMON E P S R I  SIG, CPCB, CPCAB 
5 3 2  CORMOR ZCASE 
5 7 3 HEAT - O 
C I N I T I A L  GUESS 
5 34  .9 COETPIHI~F: 
5 3 5  M = MGilESS 
'19 = EdGllESS 
C CALCULATIONS MOT DEPENKIING 1%PO# H , P i  
2 CONTINUE 
CD2 = CD*CD 
? J C Z B Z  = U f Z R c U C Z B  
EU2 = E U s E D  
GU2 = GU*GlJ  
CSY = C O S ( S Y )  
UCAZB2 = UCAZR*UCAZB 
SW = S I N  ( W )  
cw = COS(W) 
CPCBF = 1 - 0 - C P C B  
CPCABF = 1 .0-CPCAB 
XF1 = ( t ICZB2 $ [ E U 2 t G U 2 )  / 2 . 0 )  *CPCRP f UCAZB2* (ABS (CW) ) *CPCABF 
XF2 = (EU2-GU2)  *CPCBP/3 .0  
XF3 = 2.O*EU*GU*CPCBP/3.0 
XF4 = PY*UCZB*GU*C.SY* ( C P C B + 1 . 0 )  /2 .0  
X F 5  = PY*llCZR*TSU*CSYe ( C P C B + 1 . 0 )  / 2 . 0  
C CALCULATIONS I N  SOHE W A Y  RELEVANT T O  M,W 
CC CALCULATION O F  VALUES 
ICOUNT = 0 
3 CONTINUE 
I F ( I C 0 U N T - 1 0 )  5,5,4 
4 ITERLG = 1 
SET URN 
5 ITEHLG = 0 
I12 = PI*B 
N2 = N*N 
R2 = fi2tN2 
R = R2**0.5  
f13 = HsH2 
N3 = N * W 2  
R 3  = R s R 2  
R4 = R2*R2 
CWP = 1 - 0  + (ABS (CW) ) * * 3  
ALAFiOF = ALAflOV*CW - 2.0*PY*SW 
P I  = EPSB*2.O*CHF*N*R/(3.O*CD2) - EPSB*N*RP1/R 4 P P S B * ( 3 . 0 * N / ( 2 . 0 *  
1 P) - N3/R3)  eXF2 + EPSR*N3*XP3/R3 + EPSR*XF4 - O . ~ * R L A M O P I C Y ~ H  
F2 = EPSB*2,0*CWF*f4*R/ (3 ,0*CD2)  - EPSB*R*XFl/R - E P S B *  (3.0*M/ (2.0* 
1 R) - M3/H3) * X f 2  + EPSB*N3*XF3/R3 - EPSB*XFS - EPSB*PY/GAH t 0.5* 
2 ALAROF+CW*N 
CC CBLCtJLATTON OF D E R I V A T I V E S  
1 0 4  CONTINUE 
R N  = R/R 
RN = H/N 
PIPI = EPSB*2.0*CWF*H*RB/(3.0*CD2) t EPSB*N*XFI*RH/R2 + EQSB* (-3.O* 
1 N*RM/ ( 2 . 0 * R 2 )  $ 3,0*N3*RM/R4) *XF2 $ EPSB+3.0*H2*XF3/R3 - EPSB*3.0 
2 *M3*RM*XF3/R4 - 0 S* (ALAROP) *CW 
P I N  = EPSS*2,0*CMF* (K+N*RN)/(3.0*Cn2) - EPSB*YP1/I? + EPSB*I*XPI*RW 
7 /R2 C E P S B *  ( 3 . 0 / ( 2 , 0 * R )  - 3,O*N+RW/(2.Os192) - 3 e O * N 2 / R 3  + 3.0*N3* 
2 R N / R 4 )  *XPZ - EPSBd3.0*M3*RN+XF3jR4 
F2M = EP SB*2,O *CWF* ( R + M J c R B )  / ( 3 . O * C 5 2 )  - EPSB*XPI/B EPSB*R*RB*XF1 
1 f R 2  - E P S B a ( 3 , 0 / ( 2 , O * R )  - 3 , O + M * R B / ( 2 , 0 * R % )  - 3,Q*M2/P3 + 3 * 0 * R 3 *  
2 RR/R4) s X P 2 - E P S R s 3  a O*N3*RM*XF3/R4 
F2N -- E P S B s 2 ,  0*GWP*B3*RH/(33 O*CD2) ) &PSB*tl*RH*XPS,/B2 - fSPSB* f -3  ,O* 
$ R s R H /  ( 2 , O + R 2 )  + J . O + R 7 % R H / R 4 )  *XFZ =f- EPSBt3,0*N2*XP3/W3 - EPSB*3,0 
2 * N3*BN*XP3/W4 + 0,5*kLABOF*CW 
WRITE (6,105) SC00WT,EI ,N 
4Q5 PORMWT (1 l R  ITERRTPON-,f2,9H: B = ,P13 ,6 ,2X ,4RW = , E 1 3 , 6 )  
WRITE ( 6 , 4 )  F 1, P2 

5 4  I F  (T4  - r3)  54, 7 0 , 5 5  
55 DO 6 0  15 = 1 ,5  
XP(I5 - 1 1 )  4 6 , 6 0 , 5 6  
56 I P ( % S  - 12) 5'7, 6 0 ,  57 
57 I F i 1 5  - T 3 j  5 S 9 6 0 , 5 8  
58 I F ( 1 5  - 3'4) 5 9 , 6 0 , 5 9  
59 SUY5 = A (15,Ci) 
6 0  CONTTNIJE 
I F  (JTG4) 6 2 , 6 1 , 6 2  
6 1  SIGN = 1 .0  
JIG4 = 1  
SO TO 6 3  
62 SIGN - 1.0  
J I G 4  = 0 
6 3  SUM4 = SUM4 f SIGN*A(I4,4)  *SUB5 
7 0  CONTTNIJE 
I F  ( J I G 3 )  7 2 , 7 1 , 7 2  
7 1  S I G N  = 1 .0  
JIG3 = 1 
GO TO 73 
72 SIGN = - 1.0 
J I G 3  = 0 
73 SlJ33 = SUM3 + SIGN*A(I3,3)*SUE14 
A0 CONTINUE 
I F  (JTG2) 8 2 , 8 1 , 8 2  
81 SIGN = 1.0 
.JIG2 = 1 
GO T O  A 3  
82 SIGN = - 1.0 
J I G 2  = 0 
8 3  SUR2 = SUM2 $. SIGN~FA ( I 2 , 2 )  aSDB3 
90  CONTINUE 
I F ( J I G 1 )  9 2 , 9 1 , 9 2  
91 S ' E G N  = 1 . 0  
,T Is; 1 = 1  
50 TO 9 7  
92 SIGH = - 1 . 0  
J I G 1  = 0  
9 3  SUM1 = SUE1 $ STGN*A(I1,1)*SUB2 
1 0 0  CONTINUE 
DETERR = SUM1 
KETURN 
END 
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Figure 4 Effect of discharge coefficient 
on /;ner behavior 
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